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PREFACE 


This book is intended as an introduction to Modern Operational 
Calculus based upon the Laplace transform. It is written for 
post-graduate engineers and technologists. Nevertheless the 
purely mathematical part may be useful to advanced under- 
graduates in mathematics. The subject has attracted much 
attention during the past three decades, owing largely to its 
relevance to Heaviside’s operational method. The Laplace 
transform of a function as defined by (1) § 1*11, is identical with 
what Heaviside called its operational form. The L.T. method 
of solving ordinary and partial linear differential equations is of 
comparatively recent date. Being logical and unambiguous, it 
is preferable to that of Heaviside, which may now be laid to 
rest in all its glory — such is the march of scientific progress! 

A number of theorems or rules are established in Chapter II, 
the proofs usually being more complete than those given origin- 
ally. Theorems 6, 6a, 9, and 14* are new. In Chapters III- VI 
the various theorems are used (a) to solve ordinary and partial 
linear differential equations, (6) to evaluate difficult integrals, 
(c) to obtain mathematical relationships and expansions, (d) to 
derive L.T.S. of various functions. Inclusion of a modern 
treatment of periodic impulses of finite and infinitesimal dura- 
tion based upon complex integration seemed desirable. Accord- 
ingly Chapter VII is devoted to this subject, and it is a resume 
of work I did during 1936-8. It is not intended for those un- 
acquainted with complex integration, but it may prove an in- 
centive to the study of this important branch of mathematics. 
The reader is advised to commence at Chapter I. No mathe- 
matical text is intended to be read from cover to cover like a 
novel. Accordingly the sections marked * may be omitted in 
a first reading, and reference made to them from time to time 
as ‘the necessity arises. 

* This theorem, discovered in 1940, was published in the Mathenuitical 
Gazette 30, 86, 1946. 
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Some remarks on the ever-controversial topic of rigour may 
be appropriate. The text is perhaps more rigorous than is 
usual in a work on technical mathematics, and in this respect 
the technical reader is asked to consider carefully the following 
remarks, which are based on my own experience. 

Engineers set a high standard of mechanical accuracy in 
limit gauges and jigs tised for precision work and mass produc- 
tion methods. By manufacturing parts accurate to lO”*^ inch, 
or even less, any individual spare, of the thousands turned out, 
will fit immediately into the intricate machine of which it is a 
component. High accuracy in machining eliminates trial and 
error, so a perfect fit is assured a priori. This being so, it is 
reasonable to ask engineers and technologists to accept a similar 
situation where mathematics is concerned. For the accuracy 
of the engineer is analogous to the rigour of the mathematician. 
Moreover, in this book the validity of operations like inverting 
the order of integration in a repeated integral, differentiation 
under the integral sign, term by term differentiation and inte- 
gration of infinite series, are checked as they occur. In other 
words, the ‘ mathematical limit gauge ’ is used to test the 
analysis at various stages, so that ultimately the answer is cor- 
rect without reliance upon flukes. Appendices are given so 
that the reader will know which ‘ mathematical limit gauges ’ 
are needed, when and how they should be applied. 

In some technical mathematics the lack of reasonable rigour 
introduces uncertainty in the analysis. This, the inadequate 
time allotted at college, and the way in which the subject has 
been expounded, is largely responsible for the scepticism of 
engineers and engineering faculties. In the specifications and 
working drawings of a machine, dimensions, limits, materials, 
and processes of manufacture must be stated unambiguously, 
so that any engineer in, say, the antipodes, may understand the 
designer’s intentions exactly. Why should this principle not 
apply in technical mathematics? 

The examples in §§ 8* 1-8* 6 should be regarded as an integral part 
of the book. They contain important formulae and additional 
theorems, the proofs of which would have taken up too much 
space for inclusion in the text. Bessel functions [reference 11] 
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hav^e been used freely, since they occur so often in modern 
applied and technical mathematics. In fact the solutions of 
a large proportion of problems therein may be expressed in 
terms of exponential and Bessel functions. The reader is ex- 
pected to have an elementary knowledge of the latter, e.g. 
Chapters I, II, and the early part of VII in reference [11].* 

Mr. H. V. Lowry kindly read the manuscript, and I am 
much indebted to him for his valuable suggestions. 

London, January, 1941. 

The lapse of some seven years, between writing the MS. and 
its publication, is due entirely to war and immediate post-war 
conditions, which have caused such an upheaval in the printing 
trade. The war has emphasised, however, the necessity for 
enhanced facilities for the study of Technical Mathematics. 
There is no ‘ chair ’ of Technical Mathematics at any University 
in Great Britain. The time is ripe for distinct departments of 
Pure, Applied, and Technical Mathematics. The Professor of 
Technical Mathematics would have to be trained in both 
mathematics and technical matters, while works experience and 
the ability to impart knowledge would be essential. 

It is appropriate to refer to the discussion on Technical 
Mathematics at the Mathematical Association in April 1945.t 
In general, those who lecture to undergraduate and post- 
graduate engineers expressed the view that in future this sub- 
ject must i)lay a much more important part in the curriculum 
than it has done hitherto. The ultimate purpose is to enable 
engineers and technologists to acquire a sound but broad know- 
ledge of mathematics and its application to technical matters. 
Difficult mathematical problems requiring an intensive know- 
ledge of certain branches of the subject should be handed ovei 
to specialists. 

It may not be out of place to quote from the proposal I made 
at the above discussion, namely, ‘ . . . a report on “ The 
Teaching of Mathematics to Engineers ” be drawn up by repre- 

♦Throughout the text the numbers in [ ] indicate the referencefi 

onp. 212. 

MathenuUical Gazette^ 29, 145, 1946. 
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sentatives of the Mathematical Association and members of the 
leading Engineering Institutions. . . . ’ 

Prof. T. A. A. Broadbent and Mr. A. L. Meyers have read and 
criticised the proofs in detail. Mr. Meyers generously under- 
took the laborious task of checking the whole of the analysis 
and the examples in § 8. I have great pleasure in recording 
my appreciation of their help which has been invaluable. 

N. W. M. 

London, May , 1947. 
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SYMBOLS 


R (v) signifies the real part ofvifi and v are usually unrestricted 
numbers, i.e. they may be real, imaginary or complex : if 
real they are generally non-integral : m, n are usually 
positive integers : r may take any integral value including 
zero, which it is convenient to regard as a positive integer. 

f(t)=i<f>(p) signifies that (f}{p) is the Laplace transform of f{t), 
t being real ^ 0. 

f(x, t) signifies a function of x and t, e.g. xH-^^^. 

<t>(P \ ^ij ^ 2 ) signifies a function of p, h^, Ag (see § 1*11). 

signifies that the r.h.s. is an asymptotic formula for 
f{t) when t is large enough. 

I X I signifies the modulus of x, always real and positive. 

00 

Z I fr{t) I signifies that the moduli of all functions in the series 

r«0 

are to be summed. 

The range t^h signifies all values from ^ — Ato^===+oo,A>0. 

signifies all values in any closed interval of and 
includes the end points h. A closed interval infinite. 

signifies all values in an open interval or range of 
excluding the end points h. 

f(t) is continuous in signifies that the function is con- 

tinuous for all values of t in the closed interval h) : the 
continuity in a finite interval implies that f{t) is bounded, 
signifies that t may not have the value zero. 

H- 0 and p->-0 signify that p approaches zero from (a) 
the positive side, (6) the negative side. 

erf signifies ‘ approximately equal to 

j- signifies that f{t) is equal to e^ in the 

range t ~ (0, h) but excluding the end points ; and is zero 
for all ^<0 and t>h, being undefined at < = 0, A. 

Heavy type, L, R, C, G, signifies inductance, resistance, etc., 
of unit length of cable. 


f(t)=e*\0<t<h 
= 0}t<0, t>h 
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When t is near to or approaches some limiting value, the 
notation f{t) = 0(p') means that \f(t)\<KP', K being an 
absolute positive constant independent of variables or para- 
meters. 

f{t) — 0{l) means that the function is bounded. When 
^->+00, + = e(c-*+l) = O(0; = 

with bound unity. When ^->0, 4 - a^) — O ( 1 ) ; sin ^ — O (^). 

The symbols for the various mathematical functions in the text 
are used in reference 13, where the functions are defined. 
This reference work contains an extensive list of Laplace 
transforms for functions which occur in pure, applied and 
technical mathematics. 
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This is addressed to the technical reader whose mathematical 
training covers a more restricted field than that of the pure 
mathematician. The technical reader’s experience is often 
limited to continuous functions. Herein it is necessary to 
consider functions which may be either continuous or finitely 
discontinuous. Differentiable functions must be continuous,* 
whereas integrable functions can be either continuous, or 
finitely and (in some cases) infinitely discontinuous. Apart 
from discontinuities, functions must be single valued to avoid 
ambiguity. If ±0:^/2 (unless a: = 0 ), and the positive 

branch is usually chosen. It must be appreciated that infinity 
is not a number, but a limit which exceeds any number we 
care to name, however large it may be. For the sake of 
brevity, ‘ infinity ’ ( 00 ) is used frequently in such a way as to 
appear to be a number, e.g. the upper limit in an integral. 
The appropriate viewpoint is that the value of the integral is 
required as the upper limit->QO. 

In enunciating a theorem, the conditions for its validity 
must be stated fully. Otherwise the theorem might be used in 
cases where it did not hold. Sometimes a theorem may hold 
under less stringent conditions than those given in the proof. 
If stated as mere formalities, the theorems in Chapter II 
become brief and simple. Bereft of the conditions for their 
validity, they are analytically incomplete and cannot be used 
with confidence. Omission of logical steps in analysis is just as 
serious a defect as absence of credits in a cash account. The 
answer to a problem is essential, but its correctness is imperative, 

* i.e. differentiable for all finite values of the independent variable. 
There are, however, certain continuous functions (not contemplated 
herein) which are not differentiable. Throughout the text a continuous 
function means one which is differentiable. 

xiii 



XIV 


FOREWORD 


a condition which can be satisfied only by analysis in the appro- 
priate detail. By perseverance in the early stages of the text, 
and frequent consultation of the appropriate appendices, the 
reader will find that the proper mental attitude is soon ac- 
quired. 
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THE LAPLACE TRANSFORM 

1*11. Definition. Consider the infinite integral 

p \ (1) 

p being a suitable parameter, either real or complex, while 
f{t) is a single-valued * function integrable in every finite in- 
terval of t t is real and ^ 0. This integral was introduced 
into mathematical analysis by Laplace about the year 1812. 
<l>{p), the function obtained by evaluating the integral, we 
define to be the Laplace Transform of f{t). If <f>(p) is 
given, f{t) is said to be its interpretation in terms of the 
real variable t. When the range of integration in (1) is 
f = (0, + 00 ), ^ is a function of p alone. If the range is ^ Ag), 
^ is a function of p^ and Ag. We then write 

p f e-^^f(t)dt-=<l>{p ; ^1, Ag), (2) 

JAi 

the r.h.s. being defined as the L.T. of f(t) for the interval 
t = (hi, Ag). Integral (2) may be written in the form (1), for if 
F {t) =f(t) when 0 ^hi<t<h 2 y 
= 0 J t<hiyt>h2y 

then e-^*F{t)dt = (f>{p ; h^, hz) (3) 

Jo 

Integral (1) is a particular case of (2) with hi = 0 and 
Ag-> -f- 00 . When p is real and >0,J (1), (2) may be interpreted 

* The question of f{t) being continuous is discussed later. Integra- 

bility of f(t) in t= (0, h) implies that of e~Pf^f{t)y a point to be 

remembered in connection with enunciation of the theorems which 
follow, e.g. §1*21. 

t Using Heaviside’s unit function (Appendix I), this may also be 
written in the form F (t) — f(t) [H (t /i-j)]. Fig. 20 illustrates 

the case where f(t) ~ = 0, /ig = h. 

tp>0 implies the reality of p, but since p is sometimes complex, 
this distinctive wording is generally used. 
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geometrically as the areas of the exponentially damped 
function pf(t) between the limits ^ (0, -f oo ^ respec- 

tively. 

The Laplace transform of a function, as defined by (1), is 
usually identical with what Heaviside called its operational form* 
and the latter nomenclature is used the more generally. By 
way of variation, some writers refer to (f>{p) as the image of the 
original function /(<). The most rational terminology seems to 
be that where is regarded as the Laplace transform or L.T. 
of f{t). The name Laplace must be appended, since there are 
other systems, where Fourier, Gauss, Hankel, Hilbert, Mellin, 
and Stieltjes transforms exist. Herein as elsewhere [12, 13], 
we shall employ the symbol =d , namely, a heavy u lying on its 
side. Thus to signify that <f>(p) is the L.T. of f{t) we write 

,4) 

or <l>{p)<=f{t) } 

the closed end of the symbol pointing to the L.T. This is a 
very convenient and terse notation, the symbol being formed 
by a single stroke of the pen. 


I *12. Example. Find the L.T. of if v=u + iv and 
R{y) - 1 . 

From (1) § Ml 



poo 

<l>{p)—p 1 

Jo 

(1) 


=r(i+v)/r 

(2) 

or 

^•'=s^(l+v)/23^ 

(3) 


by [12, p. 75]. Integral (1) diverges at the lower limit, unless 
R(v)> - 1, so when ~ 1 the function has no L.T. 

♦ The Laplace transform was defined originally without the external 
p, and in certain cases this is expedient (see § 2*144). Moreover, 
(1) may be regarded as the p -multiplied L.T. There are several points 
in its favour : (a) identity with Heaviside’s operational forms, (6) the 
dimensional equivalence of f(t) and <^(p) [see § 2*182], (c) the L.T. of a 
constant A is itself, and not Ajp, Formulae on pp. 208-211, and in the 
references on p. 212 are p-multiplied L.T.S. 

t This notation refers to the L.T. for the interval ^ — (0, oo ). For the 
interval t — h^), see (2) § 1*11. 
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I ‘13. Integral equation for f(t)« In this case the unknown 
quantity f{t) occurs under the integral sign. Thus if ^(jp) is 
known, hut f(t) is unknown, (1) § I'll is an integral equation 
for f(t). Additional examples will be found in § 2*244 ; 
Chapters III, IV ; 1-5, § 8*5. 

If p{ (1) 

Jo 

then by § 1*12, is a solution, provided -1 to 

ensure convergence. 

1*14. Uniqueness. We now ask if the solution given in § 1*13 
is unique, i.e. is it the only solution. In reference [9] Lerch 
showed that if f{t) is continuous in it is determined 

uniquely by ^(p). Now ^ is continuous in t^O, if v is real >0, 
or if i2(i/)>0, so with this proviso it is a unique solution of 
(1) § 1*13. Continuity, however, imposes an unnecessary re- 
striction, since /(^) is determined uniquely hy <f>(p) in the case of 
certain finitely discontinuous integrable functions, and certain 
infinitely discontinuous functions. Before considering these 
functions in relation to (1) §1-11, we shall introduce some 
definitions. 

1*15. Discontinuous functions. A function maybe discon- 
tinuous in several ways : 

1°. Finitely discontinuous as in Figs. 13-17, 20-22, 25, 
27-29 at the positions of the thin vertical lines. These are 
known as ordinary or simple discontinuities. The functions 
illustrated in Figs. 21 d, c, 22, 25 6 may be regarded as periodic 
piecewise * continuous functions. They are integrable over a 
finite range (0, t), and expressible in Fourier series by using 
the established procedure. 

2°. Infinitely discontinuous like or log ^ at ^ = 0, 

where each function has an ‘ infinity 

♦ A ‘ piecewise ’ continuous function is continuous in stretches, de- 
void of infinities, and integrable in any finite range of t. It may ->oo 
with t, e.g. the ‘ staircase * function of Fig. 26a. A thin vertical line at 
a discontinuity is conventional, and is not part of the graph. Near a 
discontinuity a function is considered as t approaches from either side. 
In Fig. 13, f{t) — 0 as t-> - 0,f{t) ^E^as + 0 : at t=^0 it ia imdefined. 

B M.O.O. 
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3®. Oscillatorily discontinuous like sin (1/0 at the origin. As 
+ 0, the function oscillates with constant amplitude, but the 
rate of oscillation ~>qo , i.e. the interval between consecutive 
zeros 

So far as L.T.S. are concerned, we shall confine our attention 
to the type of function in 1°, and those in 2° which fall in 
the category illustrated below. When 

~l<v<0, or - 1 <jB(v)<0, 

t*" has an infinity at the origin. Nevertheless integral (1) 
§ 1*13 converges, and is a unique solution thereof. Other 
examples are log t and the Bessel functions Fo(0> ^o(^)> illus- 
trated in Figs. 2, 3. As explained in § 1'211, convergence of 
(1) § 1*11 at the origin depends upon the ‘ order of infinity ’ 
of f(t) as ^-> + 0 being less than unity. This condition is satis- 
fied by log t, YQ{t), KQ{t), all of which are O (log t) when t is 
small and positive. Since 

[ log ^ =A(log A - 1), (A>0), (1) 

Jo 

the integrals 

[ e-'^^\ogtdt, [ e-^^ YQ{t)dt, [ KQ(t)dt, (2>>0), ...(2) 
Jo Jo Jo 

converge by comparison. 

Most of the functions considered herein exist when ^ < 0, but 
from the L.T. viewpoint, we consider the range 0 only. If 
f{f) is the function, then for L.T. purposes we define as follows : 

F(t)^f(t)H{t), (3) 

where H{t) is Heaviside’s unit or step function treated in 
Appendix I. This definition is equivalent to 

F{t)=f{t)\t>0 

=0 }t<0. ^ ^ 

For conyenience, however, we shall usually take f(t) to signify 
F (t) as so defined. Since f{t) = 0 when f < 0, if /(O) = 0, there is 
no discontinuity at the origin, e.g. Fig. 20. But if /( 0 ) 9 !t 0 , 
e.g. cos t, which have the value unity at < = 0, a finite dis- 

continuity occurs (see Fig. 2 for Jo{t)). 
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Lerch’s theorem. For the benefit of those acquainted 
with the complex variable, we enunciate the theorem for (a) 
continuous, (6) discontinuous functions. 

(а) If /i (t) and /a {t) = ^2 (p)Ji (0 J 2 (0 being continuous 

in ^^0, also if ^i(p) = ^ 2 (p) points of the half p-plane 

where ^2 analytic (regular or holomorphic),* then 
fi{t)=f 2 {t) in ^>0. This means that a continuous function is 
determined uniquely by its L.T. 

(б) If/i(^) and/ 2 (^) are integrable functions in ^>0, but have 

discontinuities,! and if points of the half 

p-plane where ^ 1 , ^2 analytic (regular or holomorphic), then 
for <> 0 ,/i(<)=/ 2 (f) + g(t), where g{t) is a null function. 

By definition [ g (^) dt — 0, so we may write 
Jo 

•^0 ‘^0 

in place of fi = /a 1 g. Null functions do not occur in technical 
applications, so they need not be considered here. For addi- 
tional information the reader may consult reference 17. 

1*17. Boundedness and Continuity. The continuous func- 
tion of Fig. la is defined by 

f{t) —sin t "I 0<^:^27r, 

— 0 /for all other t. 

f(t) has an upper bound + 1 at t^lTT, and. a lower bound - 1 at 
t—^TT. Moreover, it is bounded in the closed interval 0^^:^27 t, 
and also in the infinite range t^O, If is a real constant >1, 
then in the range M^\f{t)\. The finitely discon- 

tinuous function of Fig. 20 has upper and lower bounds and 
zero, respectively, and in t^O M^f{t) if M^h^, Accordingly 
we define a bounded function in the following way : f{t) is 
bounded in or in as the case may be, if there is a 

positive constant M such that if > | f{t) | . A bounded function 

* See Fig 4a and 1°, Appendix IV, condition (a). 

t Since we have assumed the existence of ^ and i^he type of dis- 
continuity need not be defined. 
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f(t) 

(a) 

0 


/(t) 

(b) 


0 

\y 

t 


Fig. 1 (a). — Graph of the bounded continuous function 

/(^) = sin t^0^t^27r 

= 0 J for all other t. 

The function is zero in 27r< + qo , and in - qc < ^< 0. 

(6). — Graph of the finitely discontinuous function obtained by differ- 
entiating (a), namely, 

/' {t) = cos ^ 1 0 < ^ < 277 
= 0 i ^ < 0, ^ > 277. 

is not necessarily continuous in a given closed interval. For 
instance in Pig. 20, F{t) is continuous in but 

discontinuous in h{>h. If, however, f{i) is con- 

tinuous in a closed interval, it is bounded therein, but is not 
necessarily bounded in ^>0, e.g. t, eK As illustrated in 
Pigs. 1, 21, a continuous function may have a discontinuous 
derivative. The derivative can be considered as t approaches 
the discontinuity from either side, e.g. in Pig. 20 as - 0), 
P'(^)->3A2, while as ^->(A-f-0), P'(^)->0 ; but at t~h there is no 
derivative. 

The functions depicted in Fig. 21 a, 6, c, are bounded, (a), 
(c) have Upper bound a, lower bound zero, while those of (6) are 
±a. jQ{t) in Fig. 2 is bounded, as also are the periodic piece- 
wise continuous functions in Figs. 22, 266. These six functions 
are all 0(1) in t^O, The finitely discontinuous function of 
Fig. 26a is unbounded at infinity. The functions log t, 
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^o(^) — see Figs. 2, 3 — have infinities at the origin, whilst 
tan t has them at ^ = {2n + l)7r/2. 



Fig. 2. — Graphs of the Bessel functions of the first and second kinds 
of zero order, t/o(0» Fo(0* When t is small and positive, 1 - ; 

2 

yo(0— -(y + iO; when<-^ + 0 , Fo(0 = 0 (log «) and - qo . 

TT 

0-6772 ... is Euler’s constant. 

When t is large enough 

Jo{t)'^(2l7Tfyl^ cos (t - Itt), FoW-- ( 2/7r0''* sin (t - Jtt). 

Jo{t) is alternating, bounded and continuous in t^O, Fo(0 is alter- 
nating, bounded, and continuous in f >0 ; it is discontinuous €uid 
unbounded at ^ = 0. 

ri8. Lemmas. 

1°. If is bounded in then as 

+ cc , p real >Po. 

Proof. I I = 1 e | < ...(1) 

where A/>| |. Since M is constant, the r.h.s. of 

(1)~>0 as t~> + 00 , if ^ real > 2 ^ 0 - 
2°. If is bounded in t^O, then e''^H^f(t)->0 as 

^ -f 00 , V real, finite, >0 ; p real>2?o* 

Proof. 

as 00 , 

since tends to infinity faster than any power of x. 


( 2 ) 
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Examples. 

1°. sin cos bounded in ^^0, so is 

bounded in this range if j>o= 0. Hence as 4- qo if 

p>0. 

2°. The Bessel function /o(<) of Pig. 3 is bounded in 
so e-^^^I^it) is bounded in this interval. For t large enough, 
/o(0^eVV27r^, so in the infinite range c~^o^/o(0 is bounded 
if ^ 0 — 1 . Hence e~^^/o(^)->0 as ^->+00 if jp>l. Owing to 
the factor this also holds if p = 1 . 

I'll. Convergence of (l)§l*ll. Tliis integral must con- 
verge, which implies the existence of 

rht 

lim I e-^^f(t)dt, Ai-> + 0, + 

J/ii 

Since p real and >0, is a monotonic * decreasing function 
in t>0, for convergence of (1) § Ml it is sufficient but 

not essential that f f(t)dt should converge. This is illus- 
Jo 

trated in (8) § 8-2 where ^—0. In certain cases the integral 
diverges although (1) § Ml converges, e.g. f{t)=t^, - 1 ; 

p real>a>0. Moreover the above condition is 
usually too narrow, so we take a broader viewpoint. 

Theorem. If is bounded in ^^0,t then f e -^^f(t)dt 

Jo 

is absolutely and uniformly convergent with respect to p in the 
interval Pi^p^P 2 ^ Pi real>^05 range p>Po, 

Proof. By hypothesis, j 1 independent of t. 

If P>Pi>Pq^ ^heii 

I e-pxtf{t)\= I e-^^%(t) 1 1 | 

( 1 ) 

independent of p. Since Pi>Poy it follows that 

f dt (2) 

Jo 

♦ See footnote to 1° § 4, Appendix III, for definition : see also Fig. 4, 
t See footnote on p. 1 regarding integrability. 
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converges. Hence by the ‘ M ' test in 1° § 7, Appendix III, 

1 dt has the properties stated above. If p is complex, 

Jo 

the theorem holds provided R{p)>B{Pq). 

e-Pa^f^t) may have ordinary discontinuities as in § 1*17. An 
examination of the functions in the list or in reference 13, shows 
that when convergent, the convergence is usually absolute and 
uniform for If should be noted that the converse 

of the theorem is not necessarily true, as will be seen later in 
§ 1*211 examples 1°, 2°, 3°, where the functions are unbounded 
as -f' 0. 

^1 *21 1. Extension of Theorem in § I *21. There is a class of 
function, unbounded at the origin, for which the integral (1) 

§ 1 • 1 1 is absolutely and uniformly convergent. If - 1 < v < 0, the 

^00 

function P has an infinity at ^ = 0, but e-^H^ =/'( 1 4- 

Jo 

We can consider the convergence with reference to the ‘ order 
of the infinity ’ (O.I.) at the origin. For jtx>0, as oo the 
O.I. of x^‘‘ is fjL, Let x = llt, then as t-> + 0, x-^ 4- oo and the O.I. 
of is -V. Now for convergence, v> - 1 or -v<l, so the 
O.I. must be less than unity. Consequently the scope of the 
theorem may be extended as follows : If e~^'*^f{t) is bounded in 
t^O, or is bounded in t^t^, any «i>0, and has an infinity 

fico 

of order <1 at the origin, then 1 e-’^*-f(t)dt is absolutely and 

Jo 

uniformly convergent, p>Po>0. In some cases it may be 
more convenient to specify the O.I. of/' (t). Since dt-^jdt = - f 
the O.I. must be < 2. 

Examples. 

1°. The Bessel function Yo{t) is bounded and continuous in 

2 

< > < 1 , <1 > 0 (see Fig. 2). When « is small,7 o (0 - log i = O (log t), 

and therefore — >■ — oo as t-> + 0. Now d (log t)jdt so its O.I. 
at «=0 is unity, i.e. logi does not approach - oo as quickly 
as - l/t. 

Hence f” e-^*Yo{t)dt is absolutely and uniformly convergent in 
Jo 
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Since f log^d^ converges (see § 1-15) the above is 
Jo 

valid for p'^0. The value of the Y^it) integral is 

~ [(2/7r)/N/p2 + 1] log {p + Jp^ + 1) 

from the list. 



0 10 2-0 3*0 40 50 60 

Values of t 


Fig. 3. — Graphs of the modified Bessel functions of the first 
and second kinds of zero order, Io { t ), Ko { t ). When t is small and 
positive, + ivoW - (y + log It ); when ^->4-0, 

iCo(/) = 0 [log (/)]-> 00 as ^-> + 0. When t is large enough 
Io ( t )'^ e * l ( 27Tt )^ l ^, Ko { t )'^{ 7rl2t )^ l ^ e -*, Io ( t ) is a positive monotonic in- 
creasing function, continuous in unbounded at + oo . K ^ it ) is a 

positive monotonic decreasing function, continuous in ^i>0 ; it 

is discontinuous and unbounded at ^ = 0. 


2®. The Bessel function KQ{t) is bounded and continuous in 
t^ti, ti>0 (see Fig. 3). When t is small A'o(0— - log t, so by 

poo 

the same reasoning as above, I e-^*KQ(t)dt is absolutely and 

Jo 

uniformly convergent for p^O. The value of the integral is 


1 

n/p*- 1 


log (p -f\/p2 - 1). 


3°. log ^ is bounded in ^i>0, if |)o>0, and it has an 

infinity of order < 1 as + 0. Hence [ e log t dt is absolutely 

Jo 

arid uniformly convergent in p>0 ; also in p > 0, from above. 
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4°. The Bessel function J^(t) of unrestricted order v is de- 
fined for all t by 


j (1) — 2j / _ ly . 


( 1 ) 


When V real > - 1, this series is convergent for t finite > 0, so 
Jy (t) is bounded in any finite range excluding the origin. When 
t is large enough and > h 


Jj,(t)^j2l7Tt COS vtt), (2) 

which is bounded in t'^h and -> 0 as Hence if 

V real > - 1, J^(^) is bounded in ^i>0. This is true also 

when V is complex and i? (v)> - 1. If i?(v)^0, J^{t) is bounded 
inf^O. 

When -l<i/<0, or ~l<J?(i/)<0, the first term of (1), 
namely, (|^)7r(i/ + l), has an infinity of order <1, as ^-> + 0. 
Hence it follows from the extended version of § 1*21 that 

fiOO 

e-^*J^{t)dt is absolutely and uniformly convergent in p>0, 
Jo 

if i2(v)> - 1. See also 2® § 8, Appendix III. 


^i*2l2. Continuity of function represented by Laplace 
integral. By (1)§ Ml the integral below (2) § 1*21, has the 
value <f>{p)lp=^(p)- Since the integral is u.c. inpi^p^Pa 
in P>Pq, according to § 6, Appendix III, 0(p) is a continuous 
function of p in this range, although f{t) may have ordinary 
discontinuities, e.g. see Figs. 20, 22, 256. For the Morse dot 
function depicted in Fig. 22, 

f (1) 

Jo 

p real >0. Now/(^) is a periodic piecewise continuous func- 
tion, but as illustrated in Fig. 4 the r.h.s. of (1) is monotonic 
and continuous in p>0. The Fourier expansion of f{t) is given 
at (7) § 7*15, and comprises an infinite number of continuous 
functions. Their sum represents f{t) for all t, excepting those 
values where discontinuities occur, i.e. t=nh. According to 
Lerch’s theorem § 1*16, the only solution of (1) as an integral 
equation for f{t) is the Morse dot function, which is expressed 
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analytically (except at t=nh) by the Fourier expansion, being 
integrable over the range (0, t). 



Fig. 4. — Graphs of the functions 

(^2= 

is monotonic increasing up to its maximum (upper bound) of 2/3\/3 
at 1/^/2, and monotonic decreasing thereafter. It is positive, 
bounded, and continuous in p ^ 0. 02 is monotonic decreasing, positive, 

bounded, and continuous in p > 0, being discontinuous and unboimded 
at p = 0. 

1*213. The value of p for convergence of (I) § 1*11. If 

u and v being real, it often happens that u must 
be > 0 for convergence. There are some cases, however, where 
convergence is obtained with p imaginary, i.e. u — 0 as in 9, 
10, § 8*2. In general, if the integral converges, ^6>0 and the 
value of p lies in the half plane on the right of the imaginary 
axis V'OV (Fig. 4a). Thus we may write p = re^^, - |7r<0< Itt, 
with r — \p\=^Ju^-\-v^ > 0. This region may be regarded as 
the half p-plane of convergence for the integral (if convergent). 
Two cases where the integral converges when i?(p)=tt<0 are 
given below. 
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Fig. 4 (a). — Illustrating the p-plane when p^u^iv. The part to the 
right of the imaginary axis V'OV is the half p-plane of convergence. 
In quadrants 1, 4, w = i?(p) >0; in quadrants 2, 3, u = R{p)< 0. 

1°. Suppose p is real and f{t)~e~^\ then if 2>o=-8, 
— Thus by the theorem in § 1-21 

f e~^^f{t)dt = { (1) 

Jo Jo 

converges if p> - 8, and it has the value l/{p -f 8). 

2°. Let p=^u iv and f{t) —e ^ then if 

R{Po) 1 I =l6— 'o| 1. 

Hence by § 1*21 if i?(p)> -8, the integral converges. Alter- 
natively, 

f I I f c"^“+®^^d^ = l/(ti + 8), (2) 

Jo Jo 

provided u> -S, 

In both r and 2°, if i2(^)> - 8 it is evident that 
as t-> f . 

Generally the precise value of p need not be specified, but in 

poo 

certain operations it is essential that e^^*f{t)dt should con- 

Jo 

verge when ^9 = 0. This is treated in § 1*22. With some func- 
tions, the integral (1) § Ml is divergent for all p finite >0. 
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Such functions do not have L.T.S. For example cos t is in- 
finitely discontinuous at the origin due to the first term in the 
expansion, namely, By § 1*12 this function has no L.T., 
since i;=:-l. To effect simplicity some of the results in 
Chapter II are based on p real, finite and >0. 


*1*22. Evaluation of f(t)clt. If this integral converges, 
Jo 

then by 3° § 7, Appendix III, e-^^f{t)dt converges uniformly 

Jo 

with respect to p in the closed interval O^p^pi for every real 
finite value of Pi>0, In accordance with 1° § 6, Appendix III, 
the integral is equal to (f>{p)lp for every value of p in the 
interval. Hence 

fico fioo 

I f(t)dt~ lim e-^f(t)dt~ lim [<l>{p)/p], a constant. ...(1) 

Uniform convergence of the integral also means that (f>{p)lp 
is continuous in the interval i.e. for all values of p 

therein. It must not be inferred, however, that continuity of 
c/) (p)/p implies uniform convergence of the integral. For instance 
as -f 0, {p)lv be continuous while the integral diverges. 
If f{t)=8mt, cost, the function alternates* with constant 
amplitude as qo , so in accordance with §§ 1, 2, Appendix 
III, the integral diverges, since it does not tend to a definite 
limit, 

* An alternating function is one which oscillates, having positive 
and negative values and, therefore, real zeros at intervals which 
need not be equal, sin t, cos t are alternating periodic functions 
of constant amplitude. •7o(^) is a damped alternating function : it 
does not repeat itself exactly at a given interval, and is, therefore, 
non-periodic. An oscillatory function may be (1) positive, (2) nega- 
tive, (3) alternating, e.g. (1 + cos^), -(1 + sint), sin t, A continuous 
alternating or a continuous oscillatory function is represented by an 

alternating series, e.g. sin ( - I)*- • 

An alternating series does not necessarily represent an alternating or 

oo fT 

even an oscillatory function, e.g. e~^= 27( - I)’’-; , tjtiis fimction being 

r-o 

monotonic decreasing as t increases. Replacing by its square, yields 
the series for Jo(2t), which is an alternating function. 
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*l•23. Example. Evaluate f 

Jo 

Prom the list of L.T.S. on p. 209, we find that 

1/n/p* + 1 (1) 

0 

In 2° § 8, Appendix III, the integral to be evaluated is shown 
to converge. Writing p in (1), it follows by § 1*22 that 

r ( 2 ) 

Jo 

which is a well-known result of importance in technical applica- 
tions. The function (f> (p)lp — l/s/p^ + 1 is monotonic * and 
bounded in the infinite range p real >0, having the value unity 
when ^ = 0, and zero when p-> f oo . 

By aid of 2° § 8, Appendix III, the reader will easily show that 

CO 

(<) dt — 1, provided ^ (r) > - 1 . If for simplicity we take v 
u 

real, finite, and > - 1, J„(<) is a damped alternating function, 

being alternately positive and negative [see ref. 11, Figs. 2, 6]. 

^00 

Thus J^{t)dt may be interpreted as the net area between 
Jo 

Jv{t) and the axis of t from to -f qo . It has the value 
unity for all values of v real > - 1 ; a remarkable result. 

A divergent case. When (f>(p)lp is continuous in 
the closed interval ^^p^Pi or in the infinite range p^O, 

[<f>(p)lp]p-^>-\-o has a definite value, but it must not be presumed 

^00 

that I /(f) (if is convergent. For example, if 

/(f) -f (1) 

then pI(p^-\- 1)^^^ is continuous and bounded in p'^0.^ It has 
the value zero when ^ = 0 and -f oo , and attains a maximum of 

2/373 when p~ljJ2 (see Fig. 4). Nevertheless 
divergent, as we shall now demonstrate. 

* See footnote to 1° § 4, Appendix III, for definition, 
t If 0(p) = p/(p* + 1)®/^, it is a two-valued function, since 

The positive value of is chosen here. 
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By reference [11 (33), p. 47], 



= ( 2 ) 

and when I is large enough we may write [11, No.l3,p.l58]. 

1/J j (1) ^ COS (3) 

Thus as Z“>+oo, (3) does not tend to a definite limit, but 
oscillates over an infinite range, so the integral diverges. 

Hence (1) § 1*22 cannot be applied in the case of 

^00 

since I p-^ + 0, is divergent. This integral is 

Jo 

uniformly convergent in the interval Pi as 

large as we please. It, therefore, has the value + 1)^^^ in 
this range of p, but is not uniformly convergent as p-> + 0, 
although pUp^ 4- 1)^/^ is continuous in p>0. 

1*31. Function of aVt‘^-b% t>b>0. In certain technical 
problems involving wave motion, e.g. the theory of compres- 
sional shock waves § 4-18, of uniform transmission lines, § 4*31 1, 
and that of exponential loud-speaker horns [12], the variable 
has this form, b having the same dimension as t. If t represents 
time, then b :=xlc, where x represents distance and c the velocity 
of propagation of the wave motion. The form of the variable 
aJt^-b^ indicates that a disturbance at the origin a; = 0, takes 
a time — xjc to reach a point distant x therefrom. With a real 
and >0, the variable asjt^-b^ becomes imaginary when t<b. 
Accordingly we shall define the Laplace transform of the 

function /{a \/^2 - 62 ) Qf 

F(t) =f(aJt^ - b^) \ when t>b, 

= 0 J ., i<6(seeFig. 16). 

Thus we have 


pT e-^*fia^t^-b^)dt=<f>(p) (2)t 

H 

or f{aJt’‘-b^)^(f>(p) (3) 


* Alternatively we may write F (<) =f(aV - 6*) H{t- b), by Appendix 
I. 

t As in § 1*21 this integral is a. and u.c. in pi pi > po and in 

p > Pq, if - b^) is bounded in t^b. 
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I *32. Evaluation of f(aN/t^-b‘)dt. If the integral in (2) 

Jb 

§ 1*31 converges uniformly as p-> + 0, then 

fico 

/{aJ -b^)dt=: lim a constant (1) 

Jb p—^+0 

By 3° § 7, Appendix III, it is sufficient that the integral itself is 
convergent for (1) to hold. The remarks following (1) § 1*22 
apply here also. 

1*41. Operations on integral (l)§l*ll. This integral is 
amenable to mathematical manipulation in a variety of ways 
which are comparatively simple. By using the operations of 
partial integration, differentiation or integration under the 
integral sign with respect to p, and cognate operations, either 
separately or in combination, a number of rules or theorems 
can be established. Their application frequently effects a 
marked simplification in the solution of problems in pure, 
applied, and technical mathematics. This is exemplified in 
later chapters. 

Before passing on to establish the many theorems of the 
(so-called) operational calculus, we refer the reader to the 
Appendices, where a brief resume on convergence is given. As 
this subject is of vital importance herein, not only the Ap- 
pendices, but also the references associated therewith should 
be studied. To economise space, the majority of proofs of the 
convergence of various integrals and series throughout the text 
are left to the reader as suitable exercises. By dealing with 
these whenever they occur, a convergence ‘ technique ’ will 
soon be acquired. In fact it will be found indispensable. 
Inversion of the order of integration in infinite repeated 
integrals is also a subject of major importance, which may need 
practice and perseverance to master. The brief treatment in 
Appendix III should be supplemented by that in references [3, 
4, 6, 7, 16]. 
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THEOREMS OR RULES OF THE 
OPERATIONAL CALCULUS 

2-11. Theorem I. If f(t)=>^(p),* then f(at)=a<f)(p/a), a real 
and>0. 


Proof. Since f(t)=<l>{p), integral (1) § 1-11 converges for 
p real>j)o- 

Writing pja for p therein, if pla>Pf„ we have 


(W«) J 

Let <=Ta, then 

II 

1 

8 o 

• 

(1) 


[ e-’^f{ar)dr=<l>(pla) 

0 

(2) 

Hence replacing t by t, we obtain 


V 

e-vt f {ai)dt-(j>{pla), 

0 

(3) 

or 

f{at)=»f>{pla) 

(4) 


2-12. Theorem 2. — The shift theorem. 

li F {t)=f(t -h) [when (>A>0 then F (t)=>e~^^4>{p). 

= 0 t<<A, 

Proof. In (1) § I'll write f(t-h) for f{t), thereby shifting the 
origin to the point t=h. Since negative values of {t-h) are 
excluded, the lower limit is now t=h. Thus (1) § I'll becomes 

p f e-^*f{t-h)dt=p \ e-®(^+*)/(T ) dr ( 1 ) 

Ja Jo 

♦ Unless stated otherwise, this relationship and, therefore, the con- 
vergence of (1) §ldl, and the existence of ^(p), is implied in all 
theorems. Also we shall sometimes tacitly assume that ^(p) — (l>{p)lp 
is either differentiable or integrable n times, as the case may be, e.g. 
§§ 2-17, 2-21. t is always real and positive. Fairly broad conditions 
for convergence are given in §§ 1-21, 1*211. 

18 
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with t=r-\-h. Replacing r in the second integral by t, we have 

V f f e-^^f{t)dt=e-^^(l>{p)y (2) 

Jh Jo 

or F (t) =f{t -h)H{t-h)=^ (p) (3) 


Graphs illustrating formula (3) will be found in Figs. 15, 16, 19, 
28, 29, while H(t) is treated in Appendix 1. 

2’I2I. Example. Ifcost=ip^/{p^ + l), jQ{t)=»p/Jp^-^l, whsit 
are the L.T.S. of cos (t-h) and Jo{t-h), 0<h<t ? 


By(3)§2‘12 cos{t-h)=ie~^^p^l(p^ + l), (1)' 

and Jq {t-h):=> e-^^pjsl p^^l (2) 


So far as L,T,S, are concerned^ these functions, presumed 
to be zero when t<h, are finitely discontinuous at as 

illustrated in Figs. 28, 29. 

^2-122. An apparent anomaly. Attention is directed to the 
following point: Suppose the L.T. of f{asJt^-b^)^-c, where 
c is a constant, is <}>{p)- Then we have 

f” , f" 


~^]b + ( 1 ) 

( 2 ) 

Thus if 

f(as/t^-b^)+c=>^{p) (3) 

then f{aJ -b^)=><j> (p) - ce-^’> (4j 

To avoid this apparent anomaly, (3) may be written in its ortho- 
dox form, namely, 

[/(aV<^) + c]^(<-6)=.^(p), (6) 

from which the relationship 

f{aJt^-b^)H{t-b)::s(ft(p)-ce-^’> (6) 

follows by § 2-12. 


o 


M.O.C 
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*2*123 Example. Formulae (3)-(6) in §2*122 may be illus- 
trated by aid of the modified Bessel function of the first kind of 
unit order. From the list we have 


ab f =, [e -Wp* -a« _ ( 1 ) 

giving 1 + a6 f (2) 

where unity on the l.h.s. actually represents H{t- 6) [=3 6“'"']. 


2*13. Theorem 3. e<‘*f(t)=t~—<l>(p -a), where a may have 

any finite real or complex value. 

Proof. Writing for f{t) in (1) § 1* 1 1, with R(p-a) >po,* 

we get 

so ^'‘^f{t)=^^<l>{p-a) ’• (2) 

2*131. Example. Find the L.T.S. of e““‘ sin cot and e-®* cos cot. 
From the list we obtain 

sin cot => copKp^ + 00 ^) (1) 

Using (2) § 2*13 we get 

e-®«sina,<=f-^U-y^ + “U (2) 

Vp + o/L(p+a)2 + a>*J ^ ' 

=cop/[(p + a)^ + co^] (3) 

From the list we obtain cos oot^p^j (p® + to*) (4) 

Using (2) § 2*13 we get 

e~°* cos wt =3 (—^) [~ y ^ — il (5) 

\p+o/ L (p + o)8 + co®J ' ' 

=p(p + a)/[(p+a)®-hto®] (6) 

♦See §1-21. 
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2*14. Theorem 4.— The differentiation theorem. If 

g-i>o«y(r)(f) is bounded and continuous in for r = 0, 1, 2, ... n, 


then with p real >jPo 

Proof. By (1) §1-11 

( 1 ) 

JO 

Integrating by parts, by §§ 1*18, 1*21, we obtain 

i{p)^ -\e-^*f{t)\ +[ e-^*f'{t)dt, ( 2 )' 

^ -*0 Jo 

- /(O) +re-^‘f(t)d( (3)* 

Jo 

Rearranging (3) gives 

e (<)d< =p[4(p) -f(0)], (4) 

so /'(<)=M^(P)-/(0)] (5) 

From (5) it follows that 

/«)(<) =p{p[f>(p) -f(0)J -f'(0)}, (6) 

= p^i>ip) -pj(0) -pf'(0) (7) 

Ultimately we find that 

f’''>(t)=sp”(j>{p)- ip”-^f’-\0) (8)t 

r~0 

lf/(r)(0) = 0, for r = 0, 1, 2, ... »- 1, 

/(")(<) =>^»^(p), (9) 

and in particular f {0=‘Pi>{p) (10) 

When the variable is a-JP - b^, see 22 § 8-3. 


♦ Since is bounded in by § l-18e-PV^^)(^)->0as«-> + oo , 

and the term corresponding to the upper limit in the second member of 
(2) is zero. 

The theorem is true is finitely discontinuous at the origin, e.g. 

cos t 

t For a differentiable (continuous) function of x and t, say 0(x ; t), 
~e(x, 

e(x, t)=p[<i,(x, p) - e{x, 0)]. 


When n= 1, 
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2*141. Remarks relating to (5) and (10) §2*14. Without 
knowing the function /(<), we may desire to determine whether 
the L.T. of f{t) is given by (6) or by (10). If the L.T. is ex- 
pansible in an absolutely convergent series in descending (nega- 
tive) powers of p (see § 2- 18), and the order of its denominator 
in p exceeds that of its numerator, then /(O) = 0 and (10) holds. 
For, each term in the expansion is of the type p-'c=<‘’/r(l + v), 
jB(v)>0, so all terms vanish with t. If the first term is a con- 
stant, /(O) has this value, a finite discontinuity occurs at the 
origin, and the L.T. of /' (f) is given by (6). 

^*142. Remarks on continuity. It is usual to stipulate 
conditions sufficient for the validity of a theorem. But in cer- 
tain cases one or more of the conditions may be relaxed, 
e.g. if /(f) = f'^*,/' (f) saJ-irp although f (t) = is infinitely dis- 

poo 

continuous at the origin. By (3) § 1*12 I converges 

Jo 

(uniformly) to the value Vw/p inpo'^P^Pi. ifpo r®®! >0. The 
integral corresponding to namely, - jJ e-^H-^l^dt di- 

verges due to the infinite discontinuity at the origin, whose 
order (3/2) exceeds unity. Thus when /(f) =f^/*, the theorem is 
invalid if «> 1. In general, if /(f) =f-«-Hn, 0 <? <1, q real, m a 
positive integer, the integrals corresponding to for r=0, 

1, 2, ...m are convergent, whereas that corresponding to 
/<”*+i)(f) is divergent.* 

2*143. Example. Given that 

(a) cos f=»p7(P® + f) ; (^) + 


find the L.T.S. of sin f and 


(a) By (6) § 2-14 

d . 



(1) 

since co8(0) = l, so 

sin f=p/(p* + 1) 

(2) 

By (10) § 2-) 4 

d , 

^sm + 1) 



=pV(p*+i). 

(3) 

since sin (0) =0. 




* Reference should be made to the remarks on convergence in 
§$ 1 - 21 , 1 - 211 . 
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(6) By (6) § 2-14, since J^iO) = 1, 

(4) 

SO Ji{t)^p[‘jp^ + i -p]l-Jp^ + l, (6) 

=p/Jp^ + 1 (2) + \/p* + 1), (6) 

when the numerator and denominator of (6) are each multiplied 
by (Vp® + 1 +p). 


*2*144. Modification of (8) §2*14. The following modifica- 
tion is expedient in the application of this type of formula to 
the solution of ordinary linear differential equations with 
variable coefficients, as in Chapter VI. We shall write 

^{p) = r e-^^S(t)dt, ( 1 ) 

Jo 

and f{t)-^^ip),* (2) 

where (1) is the original way of defining the Laplace transform. 

Then we readily find that if the conditions in § 2*14 are satisfied, 

(3) 

r-l 


2*15. Theorem 5.— 'The integration theorem. 

[J /{T)=»p~"^(p),ifthe)4-foldintegralisconvergenttand 

lime~^*J I drj /(T)|'dT-»0 as <->• + 00 for 7' = 0, 1, 2, ... to — 1. 
Proof. Let .^1(0 = f S{r)dr^<f>i{jp), then by (6) § 2*14, 


.*0 

Ff{t)=m^p[<l>,{p>)-FA0)l ( 1 ) 

or f{t)=>P4i(P)> (2) 


♦ The new sign is used here to avoid ambiguity, 
f This is certainly true if f{t) is continuous or piecewise continuous 
in the range of integration. It is also true if f{t) = - 1< 0, which 

is unbounded at the origin (see § 2* 142). 
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provided lim e-*" f f{r)d/T-^0 as f-v + oo* (see 

§2-14). •’® 

Since f{t)^<f>{p), it follows from (2) that 


(3) 

•^0 

By repeated application of the above procedure, we find 
ultimately that if 

i^„(<)=[fW]V(r) (4) 

then F„{t)==>p-'*<f>(p), (5) 


provided that lim <*■>(<) =lim ||^j* drj /(T)|-dT^0 

as <-> + 00 for r = 0, 1, 2, This is certainly true if 

I { } dr converges ; a sufficient but not necessary condition. 

Jo 


*2*I5I. Theorem 5a.— -Function of aVt^-b^, t>b>0. If 

f{as/t^ -b^)sD(f)(p), then 

[| /(a>/T®-6®)=>p-"^(p), 

provided the n-fold integral exists and 


V fr r 

lim e~^^ -< 

- & iL Jft 


dr 


/{aJr^ — b^)dT-^0 as <-> + x 


for r = 0, 1, 2, ... n-l. 

The proof is left as an exercise for the reader. 


2*152. Example. Given that Birfit=>2l{p^-i-4), find the L.T. 
of (< - J sin 2<). 

Now f sin2<d< = ^[ (1 -cos2<)(ft=:|(<-|sin2<), (1) 

Jo * Jo 

Too 

♦ This is certainly true if f(r)dr converges, a sufficient but not neces- 

aary condition, e.g. for f(t) = t^, e^*(p >a), sin t, cos t this integral diverges, 
but the condition given in the proof is satisfied. 



THEOREMS OR RULES 


26 


and sin^tdt^O as t^ + co , so by (3) § 2‘16, 

i i sin 2< » 4:Ip (p* + 4) 


*2*16. Theorem 6. 


/•QO 

rem 6. If I f{t)dt is convergent, then 
Jo 

[ fit) dt = lim [<f> (p)lp] - <f> ip)/p, t>0. 

Jt p->+0 


Proof, If c is any constant 


p I e-^^cdt=c, so c=3C.* 


By (1) § 1*22 convergence of the integral implies that 

^00 

f(t)dt— lim [<f>(p)/p]=Si constant. 

Jo j )->+0 

Hence using (3) § 2*15, we have 

f f{t)dt-\ f(t)dt=>\ fit)dt-<f>(p)lp, (2) 

Jo Jo Jo 

so f f{t)dt= lim [4>(p)lp]-<f>{p)/p (3) 

If/(<) takes the form g{t)lt, then with g{t) = cost, J^it), the 

^oo 

integral I g{t)dtlt diverges at the origin due to the integrand 

Jo -oo 

being infinitely discontinuous. However, J converges for 
^>0, and the L.T. can be found using § 2-23. 


"^2*161. Example. Find the L.T. of 

By (3) § 2-16 

Jo(t)dt=3l - l/\/p* + i =(Vp*+ 1 - l)/>/p*+l, (1) 

since by § 1*23 the integral with lower limit ^ = 0 converges to 
the value unity. 

* In orthodox form this would be written cH (t) => c. If the external 
p were dropped from (1), then in the symbolism of § 2*144, cH{t)-^clp, 
j.e. the L.T. of a constant would be a fimction of p. 


given that 
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*2*162. Theorem 6a.— Function of (a t>b>0. 

If/(a\/i*-6*)=^(p) and f /(aN/<® - 6®) di is convergent, 

h 

then f f{aJt^ -b^)dt=e~^ Urn [(f>{p)lp]~<f>(p)lp. 

Jt 3>->+0 

Proof. By § 1-32, since the integral is convergent, we have 

r f(as/F^^)dt= lim [<f>{p)lpl (1) 

Jb >*+0 


SO 


^ f (a Jp - 6*) dt - f{aslP - b^) dt 

e-t>‘^^^f{aJt^-b^)di^dt-<f>{p)lp, ( 2 ) 

by § 2-151, the last member being the L.T. of the second. 
Hence [ -b^)dts3e~^ ]im [<f>(p)fp]-(f>(p)/p (3) 

it p->4-0 

*2*163. Example. Find the L.T. of [ J'^{a-Jp -b^)dt, given 


that 


-b^)=pe~'’''^’''/s/p^ + a’^, t>b>0. 

By (3) § 2-162 

f® , ^-b(D+o) p —bs/p^+a^ 

J Jo{a^t^-b^)dtz 


•( 1 ) 


® •Jp’^ + a* 

provided the integral converges when the lower limit is 6. 
Using procedure similar to that in 2° § 8, Appendix III, the 
reader will readily confirm that this condition is satisfied. 

2*17. Theorem 7. is bounded in then with 

p real >Pq , 

m)=>(-i)-p^^[<f,{p)/pi* 

Proof. By(l)§Ml 

f e-^f{t)dt = <j>(p)jp (1) 

^0 

♦ See footnote to § 2- 11 . 
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Differentiating under the integral sign with respect to p, we 
obtain 

-^[^(p)/p] (2) 

This procedure is valid since by § 1*21, the l.h.s. of (2) is uni- 
formly convergent with respect to p in 
Hence 

( 3 ) 

By repeating the above procedure, we ultimately find that 
when p>Po> 

= ( - 1)« — „ (p)lpl (4) 

so <”/(<) = ( (5) 

since by § 1-21 the l.h.s. of (4) is u.c. for n'^l, 

^2*171. Modification of (3)§ 2*17. Using (1) § 2144, if the 
condition in § 2*17 is fulfilled, we find that 

dm 

<”■/(<)-=(- {rn^O) ( 1 ) 

Applying this to (3) § 2-144, with /<">(<) for/(t) leads to 

^7w p w— 1 -I 

-=( - , (n>m) ...(2) 

d^i 

(3) 

provided the conditions in § 2*14 are satisfied. These formulae 
are needed for the solution of differential equations with vari- 
able coefficients in Chapter VI. 

2*172. Example. Find the L.T. of (a) t sinh t, (b) given 


that sinh tzspKp^ - 1), and e^^=>pl{p - a), a real. 

(а) By (3) §2-17 

t sinh t=^ -P - l)]==^2p^l(p^ - 1)2 ( 1 ) 

(б) ^e'■‘= -p-^[l/{p-a)]=pl{p-a)^ (2) 
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Alternatively by (2) § 2-13 

e«< . .-J—=zpj(p-aY (3) 

\p-ajp-a 

Note that e~®«‘sinh< is bounded in t'^0 if Po>l> whilst 
^ e-(i>o-o)« ia bounded if pQ>a. 

*2' 18. Theorem 8.— The Addition theorem. 

m m 

If fr{t)^(f>r(p), then 2 fr{t) <f>r(p)- When m is finite 

r—0 r*=0 

the theorem is obvious, but when m is infinite we must have 

p r e-*-' Ef,{t)dtr^p E r E Mv) (1) 

Jq r=0 r=oJo r=0 

00 

If 2^ fr{t) is absolutely and uniformly convergent in t^O, 

r=0 

^00 

(1) holds if p real >0. For p I is convergent and the 

Jo 

general result in reference 3, § 176^, is applicable. In certain 
cases, e.g. in finding the L.T. of a function defined by a power 
series, this result is not sufficiently general. By applying 
§176JS, reference 3, we can show, however, that (1) is valid 
under the following conditions (see § 15, Appendix III) : 

00 

ifl) S fr(t) converges uniformly in some closed interval 

r=o 

h>0, and 

(6) either the integral 

2\f,{t)\dt (2) 

Jo 

or the series 

IpI ^ f \fr{t)\dt, (3) 

r-0 Jo 

converges.* For instance if fr(t)=^t^lr\, it is shown in 4° § 6, 
Appendix II, that the series is not u.c. throughout the range t'^0. 

♦ In (2), (3) p is an unrestricted number. If p = w + 

= 6”“^ (cos vt-i sin vt), 

so 1 e"*'* I = e~"^ Conditions (a), (6), are sufficient for the validity of 
(1) § 2* is, but cases occur where the necessary conditions are less 
stringent. Certain non-u.c. series may be integrated term by term 
[see § 1-75, reference 16]. 



THEOREMS OR RULES 29 

It is, however, u.c. in every finite interval Hence if 

p is real and >0, (1) holds if the integral 

p[ S \fi{t)\dt=p[ (4) 

J 0 T=0 J 0 


is convergent, i.e. if p>l. But if = (1) does 

not hold, as we shall see in § 2*183, since neither (2) nor (3) is 
satisfied. 

*2*181. Example. Find the L.T. of sin^ by expansion and 
term by term integration. 

By (1) §M1 

poo poo 00 /2r+l 

sin^s^l sm.tdt—p\ 6“”' 2" { - 1)’’ — rr, ...(1) 

Jo Jo *■=0 (2r + 1)! 

which has the form considered in § 2-18, with 

/,(<) = ( -1K«*'+V(2»-+1)! 

This series converges absolutely and uniformly in every finite 
interval O^t^h (see § 6, Appendix II). Thus 

p[ E \ff{t)\dt=p[ e“*’‘sinhid< 

Jo ^'=0 Jo 

=||o (2) 

and this integral converges if p is real and >1. Hence if p> 1, 

«5 poo /2r+l oo 

sin«=p 2(-l)M e-^*—^^dt=i:{-\)rlp^r^\ ...(3) 
f«0 Jo r=0 

so sin + 1) (4) 

It may be remarked that if p real >0 

p f e-^^mitdt=pj{p^-\- 1), 

Jo 

but for validity of the above analysis we must have | p | > 1 . 

2*182. Dimensional equivalence of f(t) and If in a 

physical application of integral (1) § 1*11, ^ has a certain dimen- 
sion, that of p is to be regarded as the reciprocal of the dimen- 
sion of t When t represents time, p represents so the index 
pt is dimensionless, as also is p dt. Consequently if f{t) and 
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<l>(p) are expansible, the conditions in § 2*18 being satisfied,* 
there is term by term correspondence, and the dimensions of 
such terms must be identical, e.g. 


oo /2r+l 

r (-!)»• ;* 

r-0 (2r + 1)! 


(-!)* • 

rfir+l 


(1) 


r=0 P 

Dimensional equivalence is sometimes useful for rough-check- 
ing a L.T. Suppose the L.T. of a function has been found 
otherwise than by expansion, and a rough dimensional check is 
needed. Let/(() and ^(<) be expanded giving, say, 

-1-...=— -| ^-| |-f- (2) 

Then if the constants o„ 6,. are dimensionless, the dimensions 
on the r.h.s. of (2) are erroneous, and it should read 


, 6, 60 

^0 + ~2 "I — i + ' 

p* p* 


.(3) 


*2*183. A divergent case. Find the L.T. of e-**. 

Expanding the exponential, we have 

c-*‘ = l-<*-f^-|-t-...=»^(p) (1) 

which is an absolutely and uniformly convergent series in every 
closed interval of t. Taking the L.T. term by term, we have 

2! 4! 6! 

^( P ) = ^“ T |^2 + ^- 3 Tp + 

which diverges. Thus (3) § 2-18 is not satisfied. Also for (2) 

TOO 

§ 2-18 we have p I dt which diverges, p>0 so (2) cannot 

Jo 

be the L.T. of e~^*. It is the asymptotic expansion [12, p. 298] 
of 


p f e-'^’^^^^^dx = (pl2){ e~^dvlJ (p^l^)+v 

Jpl2 Jq 

= [ e-'’dvl-Jl + {‘tvlp^) (3) 

Jo 


♦ This Tonally means that : (a) f{t) is expansible in a series of ascend- 
ing (positive) powers of t which converges in every finite interval 
; (b) ^(p) is expansible in an absolutely convergent series of 
inverse (negative) powers of p with p real >0, or jR(p)>0. Since 
/(ai) = ^(p/a), if a has the inverse dimension of t, both sides are dimen- 
sionless. 
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pi dt=pe^l*\ 

Jo 



'o 

(•OO 

(4) 

=pe^i* 

where y = (<+p/2), so 

1 

<M 

(6) 

e =3 ^ erfc {p/2) 

A 

(6) 


From the identity of the first integral in (3) and the second in 
(6), we see that (2) is the asymptotic expansion of the r.h.s. 
of (6). 


2*19. Theorem 9.— The Impulse theorem. Let f{t ; c) be a 

fimction having the following properties : (a) it is positive and 
continuous when 0 ^ ^ c * ; (6) it is zero when t>e and < < 0 ; 

(C) f fit', e)dt=l. Then if /(< ; e)=»^(p; e), <f,{p ; e)->p as 
Jo 


€ — ^ 0 . 

Proof. By (2) § Ml, we have 

<f>ip; €)=:pf €)dt, (1) 

Jo 

f fit', e)dt-p [ (1 e)dt (2) 

Jo Jo 

=p-p[ (1 e)dt (3) 

Jo 


Now if p is real and >0, as t increases from.O to e, (1 
increases from 0 to (1 -e~^). But f{t; e)>0, so the integral 
in (3) gives, 

€)d«(l-e-»’‘) {'fit; e)d< = (l -e-'*). ...(4) 
Jo Jo 

Since (1 -e-»')->+0 as e-> + 0 , so also does the first integral 
in (4), and, therefore, that in (3). Hence as «->- + 0 


i>iP', €)->p, (6) 

or /(<; c) sap, approximately, (6) 


* This simple property is used for clarity. The theorem can be 
proved if f{t ; e) changes sign and is finitely discontinuous in 0 < £ < e. 
When € = 0, f(t ; c) is infinitely discontinuous. 
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when € is small. By virtue of property (c), with € = 0, f(t) has 
infinite amplitude but infinitesimal duration. In practical 
problems c cannot be zero, but it may be small enough for the 
use of (6) to give an adequate approximation. 

The integral in (c) is defined to be the impulse due to the 
force /(< ; c), and it is represented by the shaded area in Pig. 5a. 



f(t;o) 

(b) 

o’ 

Time 


Fia. 6 (a). — Arbitrary form of impulsive force of duration t — €. The 
shaded area represents the strength of tlie ‘ impulse being unity for all 
values of c. 

(6). — Impulsive force of infinite amplitude but unit strength. 


We shall use I{t) to denote the limit as c “>-f0 of f(t\ e) 


defined above. Thus 

._,+o/(<; e)=I{t)=>p (7) 

signifies an impulsive force (mechanical, electrical, etc.) of 
infinite amplitude and unit strength which occurs at ^ = 0. If 
the impulse occurs at A, by § 2-12 we have 

I {t-h)'=>e~'^^p (8) 


When an impulsive force of this type is applied to a system, 
the energy is transferred thereto instantaneously. In a dis- 
sipative system, initially quiescent, the acquired energy com- 
mences to decay immediately after the occurrence of the im- 
pulse. Illustrations of the use of the impulsive function will 
be found in §§ 2-191, 2-251, 7-17 et seq., 15-19, § 8-4, 9-13 § 8-5, 
and in Appendix VI. 


Dimension of.l (t). Since I(t)z:>p, it follows by § 2-182 that 
both I it) and p have dimension In a physical problem it is 

essential to use the appropriate dimensions for an impulse, so 

we now take f /i(i ; c)dt^A. If/j has the dimensions of force, 
Jo 
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those of A are force x time. Moreover, we write 

AI{t)=^Ap, (9) 


A having the dimensions of the applied force (electrical, 
mechanical, etc.) multiplied by time. AI{t) represents the 
impulsive force of infinite amplitude, and A the strength of 
the impulse. 

^oo 

^2'I9I. Example. Evaluate I{t-h)g{t)dt, if the 

Jo 

function g{t) is single-valued and continuous at t=h. 

I{t-h) is not a function in the ordinary sense. It is 
defined in a similar way to I{t) in § 2*19 except that [t-h) is 
written for t, the limits in the integral now being h and (A + €). 
Thus 


[ f{t-h; = f /(r; €)dr (1) 

Jh Jo 

Then with r for {t - h) 

^ = f €)g(t)dt = \ f(r; €)g{T-^h)dT, ( 2 ) 

Jo J -h 

= { /{t’I €)g{T-^h)dT (3) 

Jo 


since /(r ; e) is zero when T>e or <0, A^O, so the range of in- 


tegration T -- (0, €) lies within ( - A, + x ). But 

f €)g{T + k)dr 

Jo 

/(t; ^)dT-\-[ f{r; €)[g(r + h)-g(h)]dT (4) 

Jo Jo 

=^9{h) + ; ^)[g{r+h)-g{h)]dr ( 6 ) 

Jo 


Suppose Tj is the greatest value of | g{r + h)-g{h) | in the range 
Since g{t) is continuous, rj is finite and ->0 with e. 
Now/(t; €)> 0 , so we have 

f f(r; e) |gf(T+A)-gr(A)l(iT<Tj [ /(t; e)dT = -q, ...( 6 ) 
Jo Jo 
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and, therefore, the integral on the r.h.s. of (5)-->0 with e. Con- 
sequently 

f I(t-h)g{t)dt=g{h), (7)* 

this being the value of g{t) at the point where the impulse 
occurs. Since l(t-h) is zero except at t=h, the limits of in- 
tegration may be written and (/n-Cg), € 2 “^^- 

Formula (7) is applied in 15, 17, 18, 19 § 8*4, and in Appen- 
dix VI. 

*2*192. Interpretation of when R(v)>l. In §219 it 
is shown that under certain conditions p may be interpreted as 
I{t)j the impulsive function of infinite amplitude but unit 
strength. So far as the Laplace transform is concerned, a 
satisfactory interpretation of p^, R{v)>l does not seem to have 
been found. This being so, we ask whether a transform 
expansible in ascending powers of p can be interpreted term 
by term? The answer is No ! An example will serve to 


demonstrate the point in question. From the list we obtain 

e-'^fyjt=^j7Tpe^^^^. ( 1 ) 

The expansion of both members of (1) is absolutely convergent, 
but except for the first, there is no term by term correspond- 
ence. t Thus 

#- 6/2 #- 7/2 

e-l/f^-l/2 = ^-l/2_^-3/2+__^!_+.., ^ (2) 


and =77^/2 |^^i/2_2p+^j ^ + ...J (3) 

The L.T. of t-^f^ is {rrpy^^, i.e. the first term on the r.h.s. of 
(3), but by § 1*12, the remainder of the terms in (2) do not have 

* This result may also be obtained — ^but less rigorously — ^by applying 
the product theorem § 2*24. Since the impulse exists at t = h only, we 
may write I(t-h) = l{h- 1), With g{t) => {p), I (t) = ^2 (p) =P 9 we get 

MilP = 4>i (P) Hence by (6) § 2-24 

p/(^-A)5r(A)dA=(*/(A-A)sr(A)dA=sfW, 

•’O -0 

where h is written for t. Another procedure is given in § 2-26. 

t The expansions in (2), (3) do not comply with the footnote to 
§ 2*182, since (2) is in negative and (3) in positive powers, which is the 
wrong way round. 
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Laplace transforms, since their indices are all < - 1. The 
second term in (3) may be interpreted as - but those 

which follow are uninterpretable, because they are not L.T.S. 
as defined by (1) § Ml. 

The difficulty experienced here can be surmounted by re- 
course to complex integration using the contour on the left of 
Fig. 18. This, however, is beyond the scope of the text, but 
can be treated by aid of reference 12. 

2*193. Remarks on inverting the order of integration. In 

most theorems which follow, the proofs depend mainly upon in- 
version of the order of integration of infinite repeated integrals. 
Sufficient conditions to be satisfied are set out in (7i, (72, 
§ 9 Appendix III. In some cases the conditions may be too 
narrow, broader ones being permissible. 

2*21. Theorem 10. (p>0). 

Proof. By definition (1) § Ml 



e-^*f{t)dt = ^{p)/p, 

Jo 

(1) 

so 

[f e f>*f{t)dt^dp-p{ 

J p 0 p P 

(2) 

If the order of integration on the l.h.s. of (2) may be inverted. 




.lo < Jp P ■ 

(3) 

so 



t Jpp 

(4) 


The conditions for the changed order of integration in (2) are 
given in § dCi, Appendix III. 

Corollary. Applying (3) § 2-16 to (4), we get 



provided that lim 6“*’* I f{T)dT^0, and §9(7i, Appendix III, 
>+00 Jo 

is satisfied. 
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2*21 1. Example. Find the L.T. of sin tit. 

From the list and (4) § 2-21 

sinf r n i 1 n /i\ 

J”' 

=ptSin-^{l/p) ( 2 ) 


By § 9(7i, Appendix III, or (3), (6) 2° § 10, Appendix III, the 
order of integration in (2) § 2-21 is invertible. Theorem 10 is 
inapplicable to functions like cos Joit), owing to 

the infinite discontinuity at the origin in each case. It is 
applicable to Jv{t), R(v)>0, since Cj is satisfied. 

2*212. Example. Find the L.T. of f dt. 

Jot 

By (4), (5) §2-21 and (2) §2-211, or by (3) §2-15 and (2) 
§ 2-211 

|^^^d<=»tan-i(l/p), (1) 

since lim [ sinTdT->0, f sin t dr being oscillatory but 
bounded as <-> + oo . 


2*22. Theorem II. — The infinite integral theorem. 

rffl <« = rtW ^ = aeomta„t. 

Jo ^ Jo 

Proof. Taking the lower limit of the p integrals in (2) § 2*21 
as zero, we get 

f [| e-^*S{t)dt\dp^\ ^dp (1) 

Jo ^Jo Jo P 

If the order of integration may be inverted, the above result 
follows on evaluating the p integral on the l.h.s. The condi- 
tions for the changed order of integration in (1) are given in 
§ 9(7i, Appendix III. 

2*22 L Example. Evaluate [ 

Jo ^ 


By § 2-22 and the list, 
’ sin t 


Jo ^ Jo 


0 t 

dp 


■dt. 


p^ + 1’ 

= [tan->i)] =|ir, 


-( 1 ) 

-( 2 ) 
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provided the order of integration in (1) § 2*22 is invertible. 
This is shown to be permissible in 2° § 10, Appendix III. 

Unless complex integration is used, direct evaluation of the 
integral on the l.h.s. of (1) is a protracted process. Although 
the foregoing procedure is delightfully terse and simple, it does 
not represent the complete picture, since proof of the inversion 
must be included. Cases like this, where the answer is known 
already, must be viewed in proper perspective! 

f" J It) 

2 * 222 . Example. Evaluate - ' dt. 

Jo t 

By § 2*22 and the list 

, (!) 

Jo t Jo + 1 (p + + 1 

r d{p + s/^l) r 1 1 " _ 

Jo {p + -Jp^ + l)* L‘Mp + + l)®Jo ’ 

= 1/3, (3) 

since § 9Ci, Appendix III, is satisfied. 


2*23. Theorem 12. 



^> 0 . 


Proof. Multiplying both sides of (3) §2-11 by daja and 
integrating from a I to f oo , we get 




Writing x~at, pla=y, and assuming that the order of integra- 
tion on the l.h.s. is invertible, we obtain 



The conditions for the changed order of integration in (1) are 
given in § OCg, Appendix III. 


♦If (6) §2*21 and theorem 11 are applicable (3) follows immediately. 
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2*231. Example. Find the L.T.S. of 

(a) si{t) = - I dx, 

J t ^ 

(b) ci(«) = - r dx, «>0. 

Jf ^ 

(а) By (3) § 2-23 and the list, we have 

(') 

=tan-^(l/p)-l7r (2) 

(б) In like manner 



=log(l/Vjp2 + l) (4) 


In both (a), (6), inversion of the order of integration in (1) 
§ 2-23 is permissible, since conditions § 9 C 2 , Appendix III are 
satisfied. 

2*24. Theorem 13. — ^The product theorem. If 

are bounded in ^^0, then 

f /i(^- A)/2(A)dA= f A(A)/3(« - A)c^A, 

Jo Jo 

where /i(0=>^i(p) and /g (0 = ^2 ( 2 >)* 

Proof, By § 1*21 the integrals 

poo poo 

p\ e-*»‘/i(«)dtt=^i(p), and e~’^'’f^{v)dv-^^i{p), ...(\) 
Jo Jo 

are absolutely and uniformly convergent in p>2>o>0* Ab- 
solute convergence implies that the integral of the product is 
equal to the product of the integrals. Thus 

p\ f e-t><f‘+'’^fi{u)Mv)dudv=<l,^,f)Jp, (2) 

Jo Jo 

the integrati6n being taken over the quadrant where u>0, 
v>0, as shown in Fig. 6a. Substituting u=t- X, v = X in (2) 
leads to 

p\ f X)MX)dXdt=<f,i<f,Jp, 

Jo Jo 


( 3 ) 
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deriving the ‘ product theorem 


the integration being over the region between the t axis and the 
straight line ^ — A in the (t, A) plane as shown in Fig. 66. Now 


(3) may be written in the form 

f /i ( A) a] (4) 

J(, -Jq -1 

from which it follows that 

f (^) 

•'o 

By symmetry it is obvious that 

f /l(^)/2(^ ~ (b) 

•'0 


The criterion is absolute convergence of the integrals in (1). 
This is ensured by boundedness of e~^^^f 2 {t). 

The theorem also holds under the extended conditions given 
in § 1-211, provided that the order of infinity of fi(t)f 2 (t)^l 
as + Since the integrals in (5), (6) arc zero when 
then if g{t)=^(l>i(l> 2 lp, it follows that gr(0)=0. 

2*241. Theorem 13a. When the variable in § 2-24 takes the 
form aJt^-b^ in one of the functions, we have 

f /i(^ — ~ (1) 

with and -b^)=»(f> 2 {p)- Formula (1) is 

used in § 4-332. 
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2*242. Example. Show that 

I Jo{X)Ji{t-X)dX — jQ{t)-cost. 

Jo 

Both Jo(<) and Ji(t) are bounded in t^O, so the conditions 
for the validity of § 2*24 are satisfied. From the list, 

( 1 ) 

and Ji{t)=»pl^/p^ + l{p + Jp^ + l)=p{Jp^ + i -p)lJp^ + \, 
when the numerator and denominator are each multiplied by 
{Jp^ + l -p). 

Thus «^i(0 = (P l )-^2 (2) 

Hence by (6) § 2-24, (1) and (2) above, 

f '^o(^) ~ X)dX= _= — - e: J^lt) - cos t, ...(3) 

Jo sjp^ + i p^ + l 

as a consequence of Lerch’s theorem § 1-16, both functions on 
the r.h.s. being continuous in <>0. 

2*243. Differentiation of (5), (6) § 2*24. If /i(<) and fi(t) 
are continuous in the range of integration, then by aid of (1), 
§ 12 A, Appendix III, we get 

-/i(<)/2(0) + f/i(<-A)A'(A)dA=.^i^„ ...(2) 

•'O 

the latter integral being obtained by writing t-X—jx in the 
r.h.s. of (1) and then changing fi for A. Also 

|{Vi(<-A)/2(A)dA=/,(0)/,(0 + fyi'(«-A)/.(A)dA=3,Ai^,, ...(3) 

=/i{0)/2{0 + r/i'(A)/*(<- A)dA=^,^*. ...(4) 
Jo 

The identity of the results (l)-(4) should be noted, i.e. the 
derivative of the l.h.s. of (6) § 2-24 or of (6) § 2-24 may be 
expressed in four different ways. 

It may be remarked that in common with (6), (6) § 2-24, ( 1) 
§ 2*241 and all the integrals on the r.h.s. of (l)-(4) above, repre- 
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sent functions which are zero at the origir ^ .g. (3) § 2*242, 
31 § 8*4. 

^2*244. Example. Solve the Poisson integral equation 

Jo 

for f{t), where fi(t)j f 2 (t) are known functions having L.T.S. 
Take/(^)=>^(^), i.e. we assume /(^) to have a L.T.,/i{^)»^i(p), 
/g (^) =3 02 Then by § 2-24 we have the transform equation 


0=0i±002/i^> (1) 

so 0 =P^l/ ^ 02) (2) 

Thus p\ e'-^^f(t)dt=p</>J(plF^ 2 h (3) 

Jo 


and f{t) is found if this integral equation can be solved. In 
certain cases the solution can be obtained by aid of the list. 
If this fails, the simplest procedure is to apply the Mellin 
theorem in Appendix IV, provided that the requisite conditions 
are satisfied. Then 

I rc+ioo 



f{t) and /a (<) must fulfil the conditions for validity of § 2-24, 
either as stated there or in its extended form (see end of § 2-24). 
It may be remarked that if A, B,G are constants, the equation 

Af{t) :=BUt)±C f /(A)/,(« - A) dA, (5) 

Jo 

may be solved for /(t) by the above procedure.- 

*2*245. Illustration of equation in § 2*244. Let 

fl{t)=C08t, f2(t) = Ji(t), 

then <f>i-p^l(p^ + l), (1) 

and (l> 2 -p -p^l-Jp^ + i, (2) 

by (2) § 2-242. Substituting in (2) § 2-244, with the upper sign 
we obtain 

+ p^ 

+ 


(3) 

(4) 
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so by the list f{t) =Jo{t) (5) 

Consequently Jo(i)=cosi+j A)ciA (6) 

Jo 

which is merely (3) § 2-242. 

*2*246. Example. Solve Abel’s integral equation : 

/(«)=f (1) 

Jo 


where f{t) is known but (t) unknown ; /(O) = 0, 0 < v < 1 . 

Take f(t)=><[,, -v)p'=<j> 2 . 

Then by (6), § 2-24, 


(2) 

so = (3) 

Since /(0) = 0, /'(^)=3p^ by (10) §2*14. Thus using the 
relationship r{v)r(l -v)=iT/sinv7T, and applying (6) §2*24 
to (3), we obtain the well-known solution : 

nm-^y-^dx ( 4 ) 

TT Jo 

(4) is the inversion of (1). 

Abel’s equation dates back to 1823 (see (Euvres), and its 
solution was the first instance of the inversion of a definite 
integral — an epoch-making step. The problem in which it 
arose may be stated as follows : A mass m, starting from rest 
at 0, moves down a frictionless chute mounted in a vertical 
plane. If the time taken to fall a vertical distance h below 0 
is /(A), a given function of h, find the curve of the chute. In 

solving this problem, Abel obtained (1) in the form 




(6) 


Here v=lj2. 'If f(h) is a constant, the curve is, of course, a 
cycloid. 


It may be remarked that (1) is a particular case of (6), § 2-244, 
with A = 0, B= - 1, ±U=1. 
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*2 "IS. Theorem 14. If 


and ^(z, t)=»,f>^{p)h(p)e -‘> *<*’>, 

^00 

then I t)f{x)dx:=i<f)i{p)<l>[h{p)], where <f>i(p)f h{p) are 
Jo 

continuous functions of p, independent of x, R[h(p)]^pQ>0, 
X real and ^ 0. 

Proof » Writing h(p) for p in (1) § 1*11, we get 

( 1 ) 

Jo 

^00 

Since f(t)^(f){p)j 1 e-^f{t)dt converges for s® (1) 

Jo 

converges if i2[A(p)]>Po>0. Multiplying both sides of (1) 


by {p) and replacing ^ by a; leads to 

^i(2>)^[A(i>)] = r MP)f^iP)e-‘‘ (2) 

Jo 

By hypothesis 
^00 

p\ t)dt=<l)^{p)h(p)e-^^^^^ (3) 

Jo 

Substituting from (3) into (2) gives 


i>i{p)<l>[hlj>)]=py^ t)f(x)d:P^dt (4) 

provided that the order of integration may be inverted. Then 

f t)f{x)dx:=i(f>^ip)<f>[h{p)\ (5) 

Jo 

Sufficient conditions for the changed order of integration are 
either 


^ 1 * (®) /(^) is continuous in x'^0 ; 

(6) ^{x, t) is continuous in x^^, and in ^>0 ; 

poo poo 

(c) I t)f(x)dx is u.c. in t^O, so 1 ^{x, 0)f{x)dx 

Jo Jo 

is convergent ; 

(d) either 

poo poo poo poo 

I e"-^*dt\ ^{x,t)f{x)dx or f{x)dx\ e-^^*^{x,f)dt 
Jo Jo Jo Jo 

is absolutely convergent ; 
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or Ug. (a), (6) as in Ci ; 

(c) As in (c) at G^, but in the range ; 

i*oo H 

{d) I f{x)dx\ r)dr is u.c. in t'^Q. 

•>0 Jo 


When ^(x, t) takes the form ^{t-x) or ^{x,t- x), the r.h.s. of 
(3) contains the factor c“®®,'e.g. if hijp) —p, and the lower limit 
in (4) is x'^0. Since x<l, the upper limit in (6) is now t. 
Conditions for the inverted order of integration are, by §9^, 
Appendix III : 

Og. (a) f{x) is continuous in 0<a;<< ; 

(6) ${t-x) or ^(x, < -*) is continuous in ; 



i{x,t-x) 


f{x)dt is u.c. with respect to x in 




*2*251. Particular cases of § 2*25. 

1°. When ^i(p) = 1, (6) § 2'25 degenerates to 

f ^{x,t)f{x)dxzs^[h(p)] (1) 

Jo 

2°. When h{p) =p, (1) takes the form 

f ^{t-x)f(x)dx=<f>(p), (2) 

■^0 

so f ^{t-x)f{x)dx=f{t) (3) 

•'O 

if f{x) is single- valued and continuous at x=t. Thus by 
(7) § 2-191 

Ht-x)=I{t-x), (4) 

the impulsive function I{t) at x=t. This result can also be 

obtained from (3) § 2-25 for 

r®° 

p\ e~^*^{t-x)dt=pe-^’‘, (5) 

Jo 

so by (8) § 2-19, we obtain (4). 


3°. Writing (f>i{p)lp for <f>i{p) and h(p)-=p in (3) § 2-25 leads 
to so ^{t)=s<f>^{p). Substituting in (6) 

§ 2-26 gives 

f Ht-3:)f{x)dx=<f>i<f>lp, 

Jo 


( 6 ) 
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the upper limit being t, since x <t. Thus the product theorem 
§ 2*24 is a particular case of § 2-26. The latter is used to derive 
formulae of the type on p. 12, reference 13. After perusing 
§§ 2-252, 2-253, these formulae should be obtained by the 
reader as an exercise. 

*2*252. Example. Show that 

f Jo[2V^('f-S)]/(a;)dx=[p/(p* + 1)]^L(P*+ l)/i>]- 

Jo 

In (5) §2*25 take h{p) = (p^-\-l)lp, <f>i(p)=p/(p^-\-l), and 
(3) § 2-25 gives 

^QO 

p\ (1) 

J X 

so ^{x,t) = J^[2sJx(t-x)], (2) 

t>x* by the list and (3) § 2-12. Hence by (5) § 2-25 we obtain 

f Jo [2'/a: (f - x)]f(x)dx=>\jpl{p^ + 1 )] ^ [(p* + l)/p] (3) 

•'O 

In (2) t) has the form ^(x, t-x), and condition (6) in is 
satisfied. Hence for (3) to be true, f{x) must be such that con- 
ditions (a), (c) are satisfied also. 

If (p^-l) is written for + in (3) jB( 2 ))> 1 , and (a), 
(c) in are satisfied, then 

[ I^\2sJxif,-x)\f{x)dx=»\pl{p^-l)\<f>[(p^-l)lp]. ...(4) 

•'0 

*2-253. Example. Show that 

Jo 

In (3) § 2-25 let ^i(p) —p’^l^ and h{p)=p^^^. Then 


^{x, (1) 

and from the list we obtain 

^{x, t) (2) 


Whence by (5) § 2-25 the above result follows immediately, 
provided that one of the sets of conditions C^, C^, is satisfied. 
This depends upon f(x). He„(u) is Hermite’s polynomial, of 
order n [13]. 


* Since (1) has the factor 
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If »=0, we have the particular case 

( 3 ) 

Jo 

*2*254. Example. Show that 

- a*). 

In (3) § 2*25 let (p) —pl{p^ - a*), and h{p) = Jp^ - o*. 


Then ^(a;, <)=.-pJ=^- . d) 

^/p^-a<‘ 

and from the list we find that 

i{x, (2) 

Hence by (5) § 2*25, if the appropriate conditions for inverting 
the order of integration are satisfied, it follows that 

(3) 


the upper limit being t, since t>x. The application of this 
theorem to the cable problem in § 4*321 shortens the analytical 
work and enables the result to be expressed concisely. 

If for a we write ia, we obtain the theorem 

[ Joia-Jt^ -x’‘)f{x)dx^-^— (f>(Jp^ + a^), (4) 

J 0 jp -T Q/ 

provided the requisite conditions are satisfied. 

^2*31. Approximations. 

1°. Suppose /(i) can be represented by an infinite series such 
that 

f(t)= 2 S R{v)> - I, 

r =0 r =«0 

there being term by term correspondence. When t is small 
enough, but positive, we may write 

f{t)'::±aQp =d ajr{v + 1 )^)~^ 

provided the remaining terms on the r.h.s. above can be ne- 
glected. This condition is satisfied if p is made large enough. 
Then the major part of the integral (1) § 1*11 is obtained in the 
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neighbourhood of the origin. Thus by niaking,j) large, and 
interpreting the L.T., the form of f(t) can be ascertained when 
t is small. 

Example. What is the form of (a) the Bessel function t/o(0> 
(6) Struve’s function Ho(i) [11] in the vicinity of the origin. 


(o) Jo(i)=3p/N/p2 + i_>i asp->4-<» (1) 

so I — ^ 4“ 0. .....[2] 

Here we may let p-> + <», since Jo(<)->a constant. For a 
closer approximation we take 

p/s/p^ + l - 1/[1 + {l/p^)Yl^c^l - (l/2p2) (3) 

e=l-<722, (4) 

if p is large enough. 

(b) Ho(<)=» - T-y— - log ( ^ , (5) 

TrVp* + 1 . \ P ! 

SO when p is large 

^ (p) ^ log J log (1 + 1/p) 2/7rp (6) 

TT \ P / TT 

Hence when t is small and positive 

Ho{0^27,. (7) 


In this case if oo , which is the value at the 

origin. For graph of Ho(0 see Fig. 13, reference 11. 

2°. Sometimes /(^) may be represented by 

2 a^^^+log^ 2 brt^, 

r=0 r=0 

e.g. the Bessel functions Y„ (t) and Kq (t). Then since log <-> - oo 
as <-> + 0, the dominant term will have log i as a factor, and p 
can be finite, but large enough for the built of the Laplace 
integral to be contributed when t is small. 

Example. What is the form of (a) (6) ker t, kei t when t 


is small >01 

(a) To it) =. - log{p + Vp^) (8) 

SO when p is large 

<j>{pi) a-- log 2p (9) 

TT 
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Interpreting this by aid of the list, we obtain 

r„(«)=:^-[iog(i<) + y]. (10)* 

77 

when t is small and positive. Hence as + 0, - oo . 

(6) ker< + ikei< = ^j^^==.log(^^^ — (11) 

SO when | p | is large 

(p) log (2pjji) = log 2 + log p - I log i (12) 

Interpreting this by aid of the list we obtain 

ker t + i kei ^ - [log (|^) -f y] - liri, (13) 

when t is small and positive. Separating real and imaginary 
parts gives 

ker^::^ - [log ( 2 ^ + 7 ]-^ + oo as + 0 (14)* 

and kei t c::i - \tt, the value when ^ = 0 (15) 

Closer approximations can be obtained by expanding in 
inverse powers of p as in 1° (a). 

♦ y = 0*5772. .. which is negligible compared with [ log(^^) | when 
t< 10-*. 



Ill 


SOLUTION OF ORDINARY LINEAR DIFFERENTIAL 
EQUATIONS WITH CONSTANT COEFFICIENTS 

3*1 L Example illustrating procedure. 

yolve (1) 

when the initial conditions correspond to quiescence, i.e. 
y~y' =.{) at ^ and 6^0. 

If (1) is multiplied throughout by and integrated with 
respect to t from 0 to -f x ,* each term in the modified equation 
is the L.T. of that in the original. In this way the differential 
equation is transformed into an algebraic one. Taking 
y =/(Q, we apply § 2* 14 with /(O) -/' (0) == 0. Thus by (9) § 2- 1 4, 

(p2 dt =p/(p + 6), (2) 

provided and are bounded and continuous 

in ^ > 0,t p real > po, whilst {p f 6) > 0 to ensure convergence of 
the integral. From the transform equation (2) we obtain 

<56:-p/(p + 6)(p2 4-a2) (3) 

Then by (1) § 1*11 we have for y, the integral equation 

poo 

p I e^^^y dt~pl{p ^b){p^ + (4) 

Jo 

Its solution is obtained by resolving = l/(p + 6) + a^) into 

partial fractions | and interpreting each of them in terms of t, 

* This procedure for solving linear differential equations, as shown 
in this Chapter, was first used in reference 1, and is known as the 
pe~^* method. 

t This can be checked after the solution has been found. As stated 
in the footnote to (3) § 2-14, y and, therefore, y\ y'" may be finitely 
discontinuous at ^ = 0. It is convenient to regard (p* + a®)<^=p/(p + 6) 
as the transform equation. 

X See footnote to § 3*131. 
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by aid of the list of forms. Thus we find that 



1 r p pb p* -1 

^ {a^ -{■b^)\jp + b p^-va^ p^-\-a^y 

(5) 

SO 

y = + 

(6) 


If (6) is substituted into (1), the equation is satisfied. Also 
y' ~0 when t = 0, so the initial conditions are reproduced, 
whilst and are bounded and continuous 

in ^>0, Hence (6) is a solution of (1). By Lerch’s 

theorem in §§ 1-14, 1*16, this solution, continuous in the range 
^>0, is unique. 

The above procedure may be epitomised as follows : 

(а) In (1) write ^ for y, p for djdt, and replace the r.h.s. by its 

L.T. 

(б) Solve the resulting transform equation for thereby 

obtaining (3) ; 

(c) Resolve ^jp into partial fractions ; 

(d) Interpret each partial fraction, in the expression for <j>, by 

aid of the list. This may be regarded as the partial- 

fraction-ci-fcm-list method. 


3*12. Non-zero initial conditions in § 3*1 1. We now intro- 
duce initial conditions concomitant with an acoustical, elec- 
trical, or other system, symbolised by (1) § 3-11, in action at 
^ = 0. Then y(0)=yo, and y'(^)~yi, y^y yi being non-zero. 
Applying (7) § 2-14 to the l.h.s. of (1) § 3-11 leads to 

^ -p^o -pVi + a^. 


Replacing by its L.T., the transform equation is 

{p^ + a^)4>-p^yo-pyi=Pl{P + b), 


poo 

<f>=p\ e~^*ydt = 
Jo 


p p^yo PVi 

{p + b){p^ + a^) (2?* + a®) (2?® + a*) 


..(1) 

..( 2 ) 


This integral equation may be split up into the following 
component parts : 

(a) the first member on the r.h.s. which, after interpretation, 
is the complete solution for quiescence initially ; 
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(6) the second member on the r.h.s. which, after interpreta- 
tion, is that part of the solution due to the initial dis- 
placement i/o ; 

(c) the third member on the r.h.s. which, after interpretation, 
is that part of the solution due to the initial rate of 
change of displacement 

These three components are independent, but may be super- 
imposed by virtue of equation (1) §3*11 being linear. The 
above analysis has the advantage not only of incorporating the 
initial conditions prior to solution, but also of displaying the 
influence of each condition separately, after interpretation in 
terms of t. By aid of the list, (2) yields the continuous function 


y = . » ^ lax f e - sin at - cos at\ + i/a cos at + — sin a^. ... (3) 

^ {a^ + b^)\^ a j ^ V / 

The reader should confirm that (3) satisfies (1) §3-11 and 

the initial conditions ; also that and are 

bounded and continuous in Consequently by Lerch’s 

theorem §§ M4, 1-16, the solution (3) is unique. 

Equation (1) § 3*11 can also be solved when the r.h.s. is zero,* 

provided that the initial conditions are incorporated in the 

transform equation. We then obtain 

(2?* + a*)^ ^P^yo+PVi, (4) 


SO 


<!> = 




+ 


PVi 


4-^2 ^24.0^2 


1/ 

: COS at + — sin at (5) 

a 


Since y* =yi when ^ = 0, it follows that : 

(i) the terms not containing 1/0 lUust vanish at ^ = 0, 

(ii) the first derivatives of the terms not containing y^ 

must vanish at ^ = 0. 


3-13. Ordinary linear D.E. of order n» with constant 
coefficients. The equation to be solved is 

( 1 ) 

the L.T. of ^(t) being assumed to exist. If (1) were the sym- 
bolical representation of a dynamical, electrical, or other 

♦ This corresponds to the behaviour of any physical system repre- 
sented by (1) § 3*11 after the driving force has been removed. Since 
y^O, it follows that either one or both of t/o» 2/i is not zero. 


E 


M.O.C. 
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system, i(i) would represent the driving force or its equivalent. 
The initial conditions are symbolised by 

2/(0) =y«. 2/'(0)=y„ 

As in § 3‘11, for quiescence initially, we replace each term 
in (1) by its L.T. using (9) § 2-14. If y{t)=><j)(‘p), since 
2 / 0 =^!= ••• 2/n-i = 0, we obtain 

(aoP” + aip»-i + ...+a„)^=p f e->‘*^{t)dt=<f>i (2) 

Jo 

Writing for the polynomial in p, we obtain the transform 
equation 

^=<l>il<f>2, (3) 

so p\ e-p*y{t)dt=(f>il<^^ (4) 

Jo 

This integral equation is solved for y by expressing (f>Jp<f>i* 
in partial fractions and using the list of transforms, or as shown 
in §3-19. 

3*131. Non-zero initial conditions. Here we apply (8) 
§ 2'14, so to the l.h.s. of (2) § 3-13 we must add the contributions 
arising from the Z terms corresponding to those on the l.h.s. 
of (1) § 3-13. Commencing with the term in a#, we have the 
contributions : 

-0'lpyn-i+P^yn-i+ + p"yo]' 

ai- -Ol[ Pyn-^+P^n-Z + +iJ"-*2/o] 

“2: -«2[ P2/n-S+P*2/n-4+•••+^>"-**2/o] . 

®«-i: 

The sum of these polynomials may be written in the form 

( n-1 n-2 

-Ja, Z .p«-ry^+ai Z 

r=0 r=0 

+ -+a«-iP2/oJ= -^8(2») (2) 

* See footnote to § 3*131. 
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We shall call <^ 3 (^ 3 ) the L.T. of the initial conditions function. 
When it is incorporated in ( 2 ) § 3*13, we get the transform 


equation 

<^ 2 ^ =^ 1 +^ 3 , (3) 

or pf , (4) 

Jo 92 92 


which leads to the integral equation for y{t), namely, 


e~^^y{t)dt 


P^2 P^2 


(5) 


<t>ilp<f >2 is now resolved into partial fractions * and the resulting 
expression for ^ 1/^2 interpreted using the list of forms. This 
gives the complete solution of (1) § 3*13 when the system is 
quiescent initially. Treating in like manner yields that 

part of the solution of (1) § 3*13 arising from the initial con- 
ditions. Since the equation is a linear one, its two parts are 
independent but additive, i.e. that part of the solution arising 
from the initial conditions is unaffected by the form of ^{t). 
The contribution due to each condition may be segregated by 
selecting the appropriate column of terms in ( 1 ). Thus the 
L.T. of the contribution due to y^^ '^^{0)=yn-r is 


r 

Vn-T ^ ar-mP^I42{P)- 


(6) 


This is now to be interpreted in terms of t, to obtain the desired 
result. A proof that the above procedure yields tlie correct 
results is given in Appendix V. 


*3*132. Solution of (I) §3*13 if y*"^(t)=y„, when t=t(,. 

Let t =T + Iq, then 


"2/ „ 


+ ••• +0'ny -K'r + <o) 


( 1 ) 


and if t=ta, y^SoiO^Hn- Thus replacing each term on the 

rso 

l.h.s. of (1) by its L.T., now defined as (f>=p 1 e-’^ydr, and 

Jo 


* It is preferable to resolve rather than into partial frac- 

tions, each of which is multiplied by p before interpreting by the list. 
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adding the L.T. of the initial conditions function to the r.h.s., 
we get 

f oo 

e->"|(T + <o)dT + ^3 (2) 

0 

r°o . 

Taking pX ^2 in § 3 - 13 , and ^3 as in 

Jo 

§ 3-131 gives 


< l >2 ^2 


.( 3 ) 


Thus by shifting the origin, ( 4 ) § 3*131 is obtained, except that 
(f>i is replaced by After the r.h.s. of ( 3 ) has been inter- 
preted in terms of r, we write T = {t- to). 


3*14. Array for 4)3 (p). The polynomial for ^3(?>) is easily 
written down by using the E term in (8) § 2 * 14 . Alternatively it 
may be expressed in the compact form of an array as follows : 



pn 

pn -1 

pn-Z 

■ p 




yo 

Uq 

«1 

0/2 

• ®n— 1 




yi 

0 

Uq 

a, . 

. Ctn ^2 




2/2 . 

0 

0 

(Xq 

. . dfi—z 

. . .. 

(1) 


yn-i 

,0 

0 

0 

. . (Iq ^ 




Multiply each a by the corresponding y on its left, and then by 
the p immediately above. is the sum of all such terms. 

Thus for an equation of the second order with 2/' =2/1, and 
j/=j/o at ^ = 0, we find that 

p 

^zip)= + {y^i+yiH)p, (2) 

which is a useful formula to remember. 


3*15. Practical procedure in solving (I)§3*I3. 

1°, Obtain <f>i{p) the L.T. of ^(t) either by integration or from 
the list : 

2®, Write p for d/dt on the l.h.s. thereby getting </>2(p ) : 
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3°. Form (f>s(p) the L.T. of the initial conditions function 
using either the 2 term in ( 8 ) § 2*14, or (1) § 3*14 :* 

4°. Apply (4) § 3*131, resolve (<l>ilp(l> 2 ) partial 
fractions and use the list to interpret the resulting expressions 
for ^ 3/^2 J or Q'Pply the method of § 3*19. A proof that 
the procedure in §§ 3*13 seq. gives the correct result will be 
found in Appendix V. By Lerch’s theorem in §§ 1*14, 1*16 the 
solution is unique. 


3*16. Example. Solve 


d^y 

dt^ 


^-ahj^A cos (x}t, 


oi^a ; 


1 °. at « = 0 ; 2 ^ y = 2 / 0 . y' at < = 0 . 

1 °. Adopting the procedure in § 3*15, we have — so the 
transform equation is 

{p^-\-a^)(f}-Ap^l{p^^-co^), ( 1 ) 

or 2 / (^) =D ^ [p) =“ Ap^Kp^ + co^) (p^ + a^) 

^ A V -\ 

[a^ - oj^) Lp^ + a>2 ^2 ^ q2 \ 

From the list we find that 

y — A (cos (jot ~ cos at)l{a^ - co^) (3) 

2 °. By ( 2 ) § 3*14 with ao=l.* «i“ 0 , the L.T. of the initial 
conditions function is 


<f>3{p)^yoP^+yip 

SO using (4) § 3*131, we obtain 

//X yoP^ yiP 

y( )^9\P) {p^-\-a^)^ (p^-ha^) 

in terms of t, we find from the list that 


(4) 

(5) 


y = — - [cos cot - cos at] + cos at -f [yifa) sin at, ... ( 6 ) 

l Cc' CO 1 

The reader should check that (3), ( 6 ) satisfy the differential 
equation and the respective initial conditions. 


* As an alternative to 2° and 3°, each term on the l.h.s. may be re- 
placed by its L.T. using (8) § 2*14. 
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3*17. Example. Solve the equation in 1° § 3*16 if a=w. 

Then y(<)=>^(p)=Ap7(p* + a>*)*, (1) 

so from the list, we find that the solution in terms of t is 


2o} 


sin (ot. 


•(2) 


The factor t is due to the repeated factor (p* + a)*)-i in ( 1 ), and 
the solution is non-periodic ; i/->±oo as <->+00. 


*3*171. Example. Solve ~+a^ = sva.</it, if yo> v' - Vu 

when t—tf,, cj^a. 

First we evaluate (see § 3*132) 

<f>i=p\ e->^ sin cu{t + to) dr (1) 

Jo 

/•OO 

e-pT g|jj ^ ^ gi^^ (jQg 

Jo 

ojp cos ojtQ ^ sin cotQ 

p^ + oj^ ^ 

Then by (3) § 3*132 and (2) § 3*14, with Uq— 1, 


P 


IJ '2/ K} 

T' - / o ox / o " 5 “x COS (jjIq -\-p sin co^o] + — o — o * (^) 

^ (^)2+a>2)(p2.^^2)L 0 Z' OJ rp2j^a^ p^+a^ ^ ' 

In terms of t, we find from the list that 
, ^ , 1 r ^ /sin (xrr sin ar\ 

s“j 

. / C\ sinar ... 

-f smco^olcoscar-cosar) + //o cos ar + 2/i ...(4) 

Writing T = t-tQ, (4) becomes 

I r , [sin a)(t-to) Hma{t-to)\ 

S'® =(SW) [“■ “‘‘I ^ 5 1 

+ sin wio{®os ci){t~ to) - cos a (< - to)}J 

sina(<-L) 

+ yo cos a(t - <o) + 2/i 


a 


(6) 
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3*18. Example illustrating equation with integral on l.h.s. 

A potential difference is applied to the series com- 

bination of inductance L and capacitance 
C (see Fig. 7), by closing the switch 8 at 
f=:0. As ^->-0 there is no current in 
the circuit, but C has a charge What 
is the current at any time ^>0 ? 

The differential equation for the current 
in the circuit is 


dK-J 


dlQ 


(1) 


s 

Fig. 7. — Schematic 
diagram of simple non- 
dissipative oscillatory 
electrical circuit. 


where Q is the charge on the capacitance at any time ^>0. 
This is the sum of the initial charge Qq and that acquired in the 
interval 0 to t. Thus (1) may be expressed in the form 

+ 

There are two methods of solution. 


Method 1. The integral in (2) being zero when ^ = 0 yields no 
initial conditions term, while that associated with Ldljdt is 
also zero, since /(0)~0 by hypothesis. Writings for djdt, 

for [ dt (see §2-15), and replacing the r.h.s. of (2) by its 
Jo 

L.T., we obtain the transform equation 



Qo 

p + a O' 


( 3 ) 


where 

Substituting co^=llLC, and rearranging terms, (3) becomes 

^ (l>+a)(p* + a>*) + ' 

From the list, the interpretation of (4) is 


J {EqIL) 
(o* + a>*) 


[co sin cot -{-a cos cot - - coQq sin cot, ...(5) 


♦ The ‘ sense ’ of the initial charge governs the sign of this term. 
We shall assume it to be positive. 
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Method 2. Since 1=^, the circuital equation (1) may be 
written 


d^Q Q 


.( 6 ) 


dQ 


Using the initial conditions Q = Qq^ — — / — o at ^ — 0, in (7) 

§ 2-14, writing p for didt, taking O=30i, and replacing the r.h.s. 
by its transform, we obtain 

m 


or 




{EJL)p 


+ ■ 


QoP^ 


(p +a){p^ + 0)2) (p2 ^2) 

By (5) § 2-14, with Q for/(^), we have 


.( 8 ) 


/ 


dQ 

dt 


^p[^i *“ Q(^)] ~p[^i Qo]> 


so by (8), (9) 

I=^p 




{E ,IL) P 

ip + (P^ + 



..(9) 

( 10 ) 


which is identical with (4), as we should expect. Q may also 
be found by interpreting (8), and differentiating Q(t) with 
respect to t. The reader should verify that (5) satisfies (1) and 
the initial conditions. 

Mechanical analogue. A mass m, on a frictionless horizontal 
plane, is attached to one end of a massless helical spring of stiff- 
ness s, whose other end is fixed, the axis being horizontal. As 
- 0 the spring is compressed by an amount Xq, the corre- 
sponding force being xjc, where the compliance c — l/s. An 
axial force is applied to m at ^ — 0, so the appropriate 

differential equation is 


or 


dv 1 C‘ x„ 

m^ + -l vdt-{ — -=i\e-’'\ 

dt c]q c 

(11) 

d^x X „ 



(12) 


Equations (11) and (12) correspond to (2), (6) respectively, so m 
is analogous to L, c = I /5 to (7, t; to /, a: to Q, and Fq to Eq, where 
v, X are axial velocity and displacement. 
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3- 181. Electrical network symbolism. The potential diflfer- 
ences across an inductance L, capacitance C, and resistance B 

due to a varying current I are, respectively, Ldl/dt,^{ Idt, RI, 

O Jo 

whilst the e.m.f. induced by virtue of mutual inductance M 
between two coils is Mdljdt. If /=>0, the corresponding 
L.T.S. are pL(j)y (l>lpC, R(f>y pMcf), so that pL, l/pCy R, pM may 
be regarded as the transform impedances. Their reciprocals 
are the transform admittances. 


3*182. Example illustrating § 3*181. If a p.d. 

is applied at ^ — 0 to the circuit of Fig. 8, what is the current I at 
any time ^>0 ? jE/q is a constant, and the 
circuit is quiescent initially. 

The transform admittance of 7? is 1 jR, 
and that of C is pC. Thus the total 
transform admittance is 
1 


pAAAAA/Wj 

lie 


R 


+pC = \IZ{p), (1) 


Fig. 8. — Schematic 
diagram of simple 
electrical network. 


where Z{p) is the transform impedance. 

If then since current— p.d./impedance, from pre- 

ceding sections it follows that 


A — 

^ Z{p) (p^ + U)^) 




•( 2 ) 


pi 


By the list we obtain 


^E^Cp- 


EqCcjo‘^2^ 

(p2-f 


.( 3 ) 


I ~ (EJR) cos cot + EoCIit) ~ EqCco sin cot (4) 

The first term on the r.h.s. of (4) represents the current through 
R, the second represents a current impulse of strength EqC, but 
of infinite amplitude, due to C acting momentarily as a short 
circuit, i.e. C is charged instantaneously, whilst the third gives 
the steady alternating current through C, 

If G were replaced by an inductance L, we should have 




pi 




+ {E,IL) 


P 


(p* + a)2)’ 


( 5 ) 
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and by the list 

7 = {IS JR) cos o}t + (EJioL) sin £<;< (6) 

The first term on the r.h.s. of (6) represents the current in B, 
and the second term that in L. 

*3*19. Application of product theorem to find solution 
of (I)§3'I3 for initial quiescence. 

1°. By (4) § 3- 131 we have to solve the integral equation 


( 1 ) 

where If by § 2*24 

y3,(0 = fx(A)^(«-A)dA = rx(«-A)^(A)rfA (2) 

•'o Jo 

2°. If l^(t)=>ll(/) 2 , then by § 2*242 

2/.W=||'aA)^{<-A)dA=|J‘a<-A)^(A)dA (3) 


Using (l)-(4) § 2*243, the integrals in (3) may be expressed in 
an alternative form. 

When <f>i = l in (1), ^{t) ~H(t) and yj,{t) = C{t). Hence when 
the solution ^{t) for the Heaviside unit function is known, that 
for any function ^{t), which has a L.T., is found from (3). 

*3*I9I. As a matter of interest we shall apply (5) § 2*14 to 


(2) § 3*19 to obtain an alternative form of (3) § 3*19. Since 
by (5) §2-14 

^'it)=>Pi<f>,-pm (1) 

Now x(<)=P/^ 2 . so by (1) 

x{t) = C{t) + mHt)> (2) 

where 7(1) is the impulsive function of § 2- 19. Applying (2) to 
(2) § 3-19, we get 

f [r(A) + aO)^(A)]^(< - A)dA, 

Jo 

= ao)^(l) + f r(A)^(<-A)dA, (3) 

•'O 


by (7) § 2*191, provided ^(t) and ^(t) are continuous. Formula 
(3) is identical in form with (2) § 2*243. 
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3*21. Simultaneous ordinary linear differential equations 
of the first order with constant coefficients. 


Let the equations for solution be 

dy Ax j. 

*0 J + = (1) 

~ 


where x, y, |j, functions of t, and the initial conditions are 
^“0. Each term in (1), (2) is replaced by 
its L.T. using (5) §2*14. Taking y{^)^^ip)y 

^i(t)=^(f>i{p), and ^2 (0 =» </*2 (P)^ we obtain the transform equations : 


+ {(^oP +«2)si ^01 ^i>K2/o + (3) 

{boP + bi)<f>o+ \ pib^o + biVo) (4) 

By solving (3), (4) as simultaneous algebraic equations, <^o 
<!> are obtained in terms of p and the other quantities. Let the 
transform solutions so found be 

^o~^o(P)f (^) 

and , = (6) 


The ultimate solutions are the interpretations of i/jq and ijj in 
terms of t. They may be obtained (1) by reducing i//q and i// to 
partial fractions and using the list, (2) by tiie method used in 
§ 3-19 (the product theorem), or (3) })y the Mellin inversion 
theorem (seeAppendixIV). Various conditions regarding conver- 
gence, etc., stipulated in §§2*14, 3*11, are assumed to be satisfied. 


3*21 1. Example. Referring to Fig. 9, a p.d. E=EQH{t ) — see 
Fig. 13 — is applied to the primary circuit of an air-cored trans- 
former. If the system is quiescent 
initially, wliat is the current /g 
when t>0 ? 

Let /2=302’ then equating 

the transforms of the p.d.s. in each 
circuit to zero * 

[Ri-\-pL^(f)^~{‘pM^2~ (1) 

and {R^-\-pL^)(j>^+pMff>^ =^0. (2) 



Fig. 9. — Schematic dia- 
gram of simple electrical air- 
cored transformer network. 


*If J{t) represents a p.d. or an o.m.f., by Kirchhoft’s law Z - 
round any closed circuit. Hence ’'“i 


i) 


p\ e-vi E 

■'O 


E <l>r(p) = 0. 
r^l 
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Substituting for <j>i from (2) into (1), we get 

-pMEo, (3) 

so <f>g,= -pcEJ(p’‘ + ap + b), (4) 

where „ = (| + -P), 6 = (||!)/(1 -h-), 

c = fc/( 1 - **) k = 

Now (4) may be written 

<l>^=^-cE,pl[{p + \aY-{\a^-b)l (5) 

so by the list and § 2*13 


where a = V -b,\a^>b. The negative sign indicates reversal 
of phase due to e.m. induction. The current attains a 
maximum value and sinks asymptotically to zero. 

Solution when the p.d. is E —fQ{t)=>(l>Q{p), (5) now takes the 


form 

<l>2=-cpcf>,/[{p + lar-(ia^-b)] (7) 

= — C . <l><f)Qy '• - (8) 

^~hat 

where ^ =P/[{P + - ft)] = sinh at. 

(X 

Hence by § 2'243 

/o(*- ^)e~*'^sinhaAa!A, (9) 

CC (tt J Q 

= - - ^ f /o(A)e~*“<*~^^sinh a{t - X)dX (10) 

oc cLt j Q 



IV 


SOLUTION OF PARTIAL LINEAR DIFFERENTIAL 
EQUATIONS WITH CONSTANT COEFFICIENTS 


4 * 1 1 . The method of solution is similar to that used in Chapter 


III, and is exemplified in the elementary case treated below. 
Solve the equation 


dx^ k dt 


( 1 ) 


subject to the initial condition : 

0 (a;, ^) = 00 a constant, ^->0, a;>0, i.e. 0<a:<-fQo ; 
and the boundary conditions : 

(a) d{x,t) = 9Q a, constsint, ar-^ + oo, t>0, i.e. 

(b) d{x, t)=6i a constant, a:->0, ^ >0, i.e. 0< ^< + oo . 

The above equation occurs in a number of technical applica- 
tions, such as the diffusion of heat in a homogeneous bar of 
uniform cross-section whose lateral surface is thermally in- 
sulated, diffusion of water vapour through walls, and trans- 
mission of electrical energy in a uniform submarine telegraph 
cable whose inductance and leakance are negligible. In heat 
diffusion and electrical transmission, 6{x, t) represents, respec- 
tively, temperature difference and potential difference between 
a fixed datum and a point distant x from the origin at time t, 
k is the coefficient of diffusion in heat problems = thermal 
conductivity/(density x specific heat). 

In the case of a bar, the above boundary conditions assert 
that prior to ^ = 0 the whole is at a temperature 6q, At t = 0, 
the temperature at the free end a; — 0 is raised to 6i and main- 
tained at that value as t increases. 

To solve (1), we commence by replacing each member by its 

TOO 

L.T., taking p)=p\ e-^*d{x, t)dt. Using the second 

Jo 

dd 

formula in the footnote to (8) § 2'14, ^he 

0t 

transform equation for (1) is 
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We now assume that the order of differentiation and integra- 
tion in (2) may be inverted, i.e. 

(S) =2’ =S <*> 

The validity of this step depends upon the nature of the 
function d{x, t) and will be investigated later. By (2) and (3), 
the transform equation may be written 

da:* k k ^ ’ 


In this way a partial differential equation may be transformed 
into an ordinary differential equation. The formal solution of 

.. _ 

(f , -f (5) 

where A and B are arbitrary constants, or functions of p, which 
depend upon the boundary conditions. Since 

<j>—p{ e-p^6{Xy t)dty (6) 

Jo 

we have (a) ^ = 00 , a:->oo , f>0 ; (b) <f>=e^, x = 0y t>0. 

(^) fo (5) leads to 5 = 0, since 0 a'nd 0 must both be 
finite, whilst (b) entails J ~ Oq). Hence 


<f> = OQ + (ei-eo)e~^^^l^=:p\ e-^^d(Xyt)dty (7) 

Jo 

so this has to be solved as an integral equation for d{Xy t). By 
aid of the list we find the solution to be 

e(x, O=0o + (0i-^o)erfc(a;/2>/iU) (8) 

The graphs of erf u and erfc u are given in Pig. 10. 



Fig. 10. — Graphs illustrating the forms of the monotonic functions 
erfw, erfcw= 1 - erf u for w^O. erf( - w) = - erf w, erfc( - w) = 1 +erf w, 
so erfc{'- u) ±erfc te = 2 or 2 erf u. 
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4-1 1 1. Proof that (8) § 4-1 1 islihe appropriate solution of 
(l)§4N. 

It is not possible to prove that in general the procedure for 
solving P.D.E., used in §4*11, leads to the correct result. 
Accordingly each solution must be verified independently. 
The verification is divisible into four parts : 

1®. To show that (8) § 4*11 satisfies the D.E. (1) § 4-11 ; 

2°. ,, ,, „ „ initial condition(s) ; 

3 . ,, ,, ,, ,, boundary ,, 

4°. To show that e^^^ddjdx, and e-^^d^Ojdx^ are 

bounded and continuous in ^>0, x>0, Po>^- 


For the sake of completeness, the validity of the inverted order 
of differentiation and integration in (3) § 4*11 may be investi- 
gated. 


r. Let 

where u~xj2sjkt. 


2 a 

«;=erfc u=— | dy, 

n/tT J|/, 


Then 


( 1 ) 


dx du ax ^7T 2-Jkt 


and 


Also 


1 


d^v X 


dx^ 2j7T 




...( 2 ) 

...(3) 




Hence by (3) and (4) 


=xe-^i*^*l2‘Jnkt^l^ (4) 


dh) 1 


( 6 ) 


80 (8) § 4*11 satisfies (1) § 4*11. 

2°. We take the initial condition in the form lim $(x, 1)^6 ^ as 
<-► + 0 for any fixed positive value of x. This is satisfied by 
(8) §4*11 when a:>0, since erfc a:/2«>/A:<->0ast-> +0 (see Fig. 10). 

3°. Taking the first boundary condition, erfc «->0 as «-»* + oo 
for any fixed <>0, so 6=6^ as required. For the second 
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boundary condition lim0(a:, x-^ + Q, for any fixed t>0, 

since erfc «->l, so this condition is satisfied also. 

4°. Finally, e-^*6 in (8) § 4- 11 is bounded and continuous in 
t'^0, x^a, Po'^0, whilst e-’^*{ddldx) and e-’^*(d^d/dx^) are b. 
and c. in t^O, x>0, Pq>0 (see (2) above and § 4'213). 


4-112. Proof that (3) § 4-11 is valid. By (8) § 411 and 

(3) §4-111 


(0i-0o)3a;2 2^7T 


(1) 


so by the list 


{e. 


1 r , /320\ 


P ^—xs/plk 


•(2) 


Also by (3), (7) §4-11 

(*) 

Since (2), (3) are identical it follows that inversion of the 
order of differentiation and integration in (3) § 4* 11 is permis- 
sible. This completes the proof that (8) § 4*11 is a solution of 
(1) § 4-11 which satisfies the given initial and boundary condi- 
tions. By virtue of Lerch’s theorem in §§1*14, 1-16, it is 
unique. 


4*12. Procedure in § 4*1 1. This may be epitomised in the 
following way : In (1) § 4*11 substitute ^ for 6, p for d/dt, and 
add the initial conditions function using the E term in (8) 
§ 2-14. Alternatively, replace each member of (1) § 4*11 by its 
L.T. using the formula in the footnote to § 2*14. Solve this 
transform equation (which is an ordinary differential equation 
in x) formally for <f>, and insert the boundary conditions, thereby 
ascertaining the arbitrary constants. ^ is a function of {p, x) 
which is now interpreted in terms of t by aid of the list. The 
interpretation d{x, t) is the solution of the integral equation 

t)dt-=<l>(p, x) (1) 

In some problems the interpretation may present consider- 
able difficulty. It often happens, however, that the solution 
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of (1) is given by the complex integral part of the Mellin inver- 
sion theorem, as stated in Appendix IV (see also reference 12). 
Having obtained a solution, its appropriateness should be 
checked using the procedure in §§4-111, 4-112. 

M*I3. Initial condition in (l)§4*M an arbitrary function 

of X. The temperature distribution in a very long thermally 
insulated homogeneous metal bar of uniform cross-section is 
maintained at Q — by an external agency until f = 

When f>0, the end a; — 0 is kept at 0o, whilst heat diffuses down 
the bar due to : (a) the supply at temperature (^) 
redistribution following relaxation of the control at ^ = 0. 
Assuming that the bar is long enough for the effect of reflection 
from the far end, at a point sufficiently remote therefrom, to 
be negligible,* what is the temperature distribution along the 
bar at any time ^>0 ? 

We have to solve (1) § 4-11 for 

1° the initial condition d(x, t-^0, x>0 ; 

2° the boundary condition 6(x, t) 0, oo , t>0; 

3° the boundary condition 0(x, t) — 0Q, a constant, x-^0, t>0. 

Proceeding as in § 4-11 and making the necessary assump- 
tion respecting inversion of the order of differentiation and 
integration of the integrals, we obtain the transform equation 

p(l>_ pdoe-^^ 

dx^ k k ’ ^ ^ 


of which the solution is 

6 ^ ^ 2 ) 

^ p- a^k 

Inserting the first boundary condition in (2) leads to jB = 0, since 
<[} and 0 must tend to zero as x—>-\- oo . For the second bound- 
ary condition ^ = Sq at a; = 0, we get 


_ O^a^k 
~~ (p- d^k) ' 

* For a short bar the influence of reflection is important and cannot be 
neglected at intermediate points. In a mathematical sense, a very long 
bar may be taken as -»■ 4- <» . 

F 


M.O.O. 
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Substituting for A and B into (2) gives 


<f>=do^e 


* __ ^ 

(p-c) ip-c). 


where c=a^k. By aid of the list and (4) § 2*11, we find that 
6 = 00 j^erfc {x/2-Jkt) + x 

- ie-erfc (*-^) - Je-erfc (») 

Validity checking similar to that in §§4-111, 4-112 is left as a 
suitable exercise for the reader. 

d^y dy dy 

*4*14. Example. Solve ^ + subject to quies- 

cence initially, and to the boundary conditions : (1) y-^O when 
dy 

a;-> + oo, (2) -^=yi a constant, when x = 0. a, b are real 
and >0. 

Hitherto we have confined our attention to P.L.D.E. having 
only the second derivative on the l.h.s. In the present instance 
the first derivative in x is included also, and this results in a 
somewhat complicated solution involving error function 
integrals. 

To obtain the transform equation we write y{Xy t)^(j>{x, p), 
which gives 

( 1 ) 

The formal solution of (1) is 

+ (2) 

where Aj, A 2 are the roots of A* -f oA - b^p = 0. Thus 


-\\a±J{a^ + 4b^p)-\= -H«±267(2> + c*)], ....(3) 

with c^=a^j4b^. Since 4b^p>0, it follows that Ai<0, A 2 > 0 . 
Now y=0 and, therefore, ^ = 0 when *= -f 00 , so with A 2 > 0 , 
B must be zero. Also 

(1^) =[^AiC*>«L.o=^Ai (4) 

\OX/g.„0 



PARTIAL LINEAR DIFFERENTIAL EQUATIONS 69 
By hypothesis 

p\ e-^*ydt=<f>, (5) 

Jo 

so if differentiation of i/, with respect to x, under the integral 
sign is permissible, we have 

m 

The validity of this step can be checked later. Since 

e-'^^dt = l and = i/,, a constant, 

Jo \OX/ 

from (6) it follows that 

*''=(IL=(to),.. <’> 

Thus by (4) and (7), 

A =2/i/Ai (8) 

Substituting for A, B in (2) leads to the transform solution 

(9) 

so we have now to solve the integral equation 

roo 

M e -*’<?/ (a;, (10) 

Jo 


P 


By (6) and (10) above 


P 





with 


where 


I [a -f 26 From the list we find that 

dy 

^ = (e erfc u + erfc v), 

b^xTat 


(12) 


2bjt 


When * = 0 and ajtl2b=l, (12) reduces to 

(^)^_o [erfc ( - 1 ) +erfc ( 1 )] (13) 

(see caption to Fig. 10) so the boundary condition is satisfied. 
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M*I5. Evaluation of y in (12) §4*14. 

We have 

= e“®*erfc •• 

where xif) ^ function of independent of x. 

1®. Consider the first integral in (1). By definition 


erfc u - 

d erfc u 
dx 


-AT 

n/'TT 


dr, 


J e“®®erfciidir= - -J eTiGud{e~^^), (4) 

ir r T 1 r /derfcwX , 

= -sL‘ ‘ * 

1 1 6 

= - - e-o* erfc « H — erfc ( - i) p= I dx (6) 

a a '' ' aj„th 

Since - (ox +«“) = - {hh; + at)^/4bH = - v^; the integral on the 

r.h.s. of (6) may be written 

— f e-*’'dx=— c dw =- [erfc Z- erfc v] (7) 

a-Jirth aJ-rJi a'- 

Hence by (6), (7) 

J e~“® erfc udx= - ^ [e““® erfc u - erfc v-2 erf Z] (8) 

2°. Consider the second integral in (1). Here 

I erfc t) dx = j^x erfc - j" x erfc dx, (9) 

— xerfct) + -^[ xe~®*dx (10) 

vttZ Jo 

Writing k=bJ2Jt, we have 



- e-*-) - ^ [ [erf« ! -etfo »] (12) 
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by (7). Hence by (10) and (12) 


I 


erfc V dx=xerfQ v+~ (erfc v - erfc 1) + (13) 

0 ^ tCtjTT 

From (1), (8), (13) we find that 

g-aajerfct^ 2 
a b 




+ iy.gerf!-gerfoI + ?^^e-i-] 


+ x{t). -( 14 ) 


where x{i) is a function independent of x. 

For large values of w, erfc w^e-’^^lw^rc [reference 12, p. 82], 
so when a; = + qo , the expression in { } vanishes. Since the first 
boundary condition necessitates 2/-->0, a:~> + oo , it follows that 

xit)=-hyii ] ( 15 ) 

Hence in terms of t, the solution of (1) § 4*14 is 


2 / = - 22 /iib + ^ + r^ erfcv- 


e~ax erfc 24 


-IS- 


.(16) 


\a o^j a 

We have already shown that (16) satisfies both of the boundary 
conditions. When ^~> + 0, so also does (16), and the initial 
state of quiescence is satisfied. It is left to the reader to show 
that (16) satisfies (1) §4-14, and that differentiation under the 
integral sign at (6) § 4-14 is valid. 


4*16. Plane Sound Waves in a Viscous Medium. A rigid 
disk vibrates at one end of a uniform frictionless cylindrical tube 
of equal radius. The tube is either sufficiently long or ter- 
minated by an acoustical impedance to make refiection at the 
far end negligible, i.e. the transmission is unidirectional. The 
differential equation for sinusoidal sound waves of very small 
amplitude is 




(1) 


dx^ dt ’ 

where ^{x, ^)= particle displacement at a distance x from the 
disk at time t, 

/>o= density of undisturbed air, 
c= velocity of sound, 

^~,/>t=coefficientofviscosity,a> = 27rfrequency. 

o 
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Solve (1) subject to quiescence initially, and the boundary 
condition $ = sin cot Si,t x = 0, this being the displacement of 
the disk. 

To deal with this problem rigorously, the third member of 
(1) should be replaced by -\-ffjLd^xldx^dt, because the former 
pertains solely after the steady state has been attained. How- 
ever, the analysis would then be very complicated, and the 
physical aspect would be masked. Moreover, to effect simplifi- 
cation, we shall use (1) and obtain an interesting approxima- 
tion. The third term in (1) is analogous to the second term in 
the telegraph equation [12, (7), p. 208], G =0. 

The analysis can be simplified by taking ^ — at x = 0 
and finally selecting the imaginary part. Write a — \jc^, 
h ~ tIpqC^ = 4:ixco^I3pqC^, then with 

i{x, t)=a(f>{x, P), 

the transform equation for quiescence initially is 

~^-(ap^ + bp)i> = 0 ( 2 ) 


Let ap^ + bp=a[{p-\- — where ^=6/2a, and (2) 
becomes 





(3) 

SO 

<l>=Ae-^^ + Be^^ 

(4) 


Unidirectional transmission entails absence of the B term, so 
with ^ = at x = 0, <l> = ^oPl(p - ico) —A, which leads to 


^(x, = 


$oP g-* t 

p-ico 


(5) 


4*17. Interpretation of (5) § 4*I6. By § 2-13 with a= -tto 


-z s/(j>+P+<<u)’-/3* 


Interpreting (1) by the list, we obtain 


•( 1 ) 


^ ^ xle 


( 2 ) 
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Omitting H(t- xjc), the presence of which is tacitly understood, 
the particle displacement at any point x at time t is the imagi- 
nary part of 




-xlc) e c + 


f (3) 


When t is large, the value of the integral is sensibly that with t 
infinite. Using (2) § 1*31, and the list, and writing (^S + ico) for 
P> gives 


C K/e 


-? N/0+to)*-P« -^o+ia.) 

r=e ® -e ® 


(4) 


or 


-?0+iw)N/l-(/3/p+i<o)« -5(/3+it.) 

=e ® -e * , (6) 

^ -5(^+TO)[l-p«/2(S+toW -fW+iw) 

7=ie * -c * , (6) 


if aj»j8. 


Reducing still further and multiplying by e'"' yields 

-eM*-x/o)] ( 7 ) 


Inserting the value of from (7) into (3) leads to 

«)=f|oC Le ' (8) 

when t is large enough. Taking the imaginary part, the particle 
displacement at x, t [for | = sin wt at x = 0], approximates to 


= ^ sin 




(9) 


Compared with sound transmission in a loss-free medium,* the 
efiect of viscosity is to 

(а) introduce the attenuation factor 

(б) reduce the phase velocity in the ratio 

(l+j8V2co2)“i c=:! (l-j3V2a>2)/l. 


♦In this case r = 0 so j8 = 0 and t) = ^o8in a)(t-xlc), i.e* the 
attenuation is zero and the phase velocity equal to c the velocity of 
sound, independent of w. 
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Thus the amplitude of the sound waves is attenuated ex- 
ponentially with increasing distance x, while the phase 
velocity is reduced by an amount p^cl2o)^ = 2fjL^k^l9pQ^c, where 
i=:£o/c = 27r/wave length. The necessary check tests are left 
for the reader as exercises. 

4*18. Compressional shock waves [ref. 2]. A very long 
uniform rigid channel of rectangular cross-section, as illustrated 
in Fig. 11, contains liquid to a depth A. At ^ = 0 a rigid vertical 



flat plate at the end y = 0 commences to move with constant 
horizontal velocity Vq, Neglecting losses, determine the 
velocity potential and excess pressure at any point of the liquid 
when t>0. Assume the motion to be such that squares and 
higher powers of the velocity components can be disregarded. 
This problem is equivalent to that where water with a free 
surface impinges on a flat vertical wall. 

Let (f) = velocity potential at any point a?, y, z in the hquid ; * 
p = density of liquid ; 
c= velocity of compressional waves ; 

Pi = p 3^/9^= excess pressure at x,y,z\ 

horizontal component of velocity at x,yyZ \ 
vertical component of velocity at x, y, z. 

* ^ is the standard symbol for v.p. and will not be used for the L.T. in 
this example. Pi is used for excess pressure to avoid confusion with 
the transform variable p. §§ 4- 18-4- 191 were added to the MS. in 1942. 
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Then by definition, 

Uy=- -d(l>ldy, ( 1 ) 

u,=^-d(l>ldz (2) 

The v.p. at x, y, z must satisfy 
1°. The wave equation, namely, 

dx^'^ dy^ dz^ ^ ^ 

at all points of the liquid ; 

2°. the initial conditions, which correspond to quiescence ; 
3°. the boundary conditions. These are 


(а) Uy — - d<l>ldy~VQ, when y = 0 

(б) ~d(f)ldz~0, when z = hi 
(c) Pi— pd<f)ldt-^0, when z = o\ 


constant velocity of end 
plate, bottom of channel 
stationary, excess pres- 
sure at free surface, zero. 


For given values of y, z, the v.p. is constant for all x over the 
section, so d(f)ldx~0. Hence the equation to be solved subject 
to the foregoing conditions is 

dy^ dz^ dt^ ^ ’ 


4'I9. Solution of (4)§4'I8. If we assume that 

ttTZ 

<f>{y, z,t)=U sin-^ f,(y, t), 


the third boundary condition is satisfied, as also is the second, 
provided r is an odd positive integer. Then with (y, t) =» (2/> 

by (4) § 4-18 with ri~7Trl2h, the transform equation is 

^-{rx^+P^lo^)<Pr=0 ( 1 ) 


provided that term by term differentiation of <f> with respect 
to y, z is valid. 

Assuming unidirectional propagation, the formal solution of 
(1) for is 






( 2 ) 
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where A, is a function of p. Thus 


, . . nrz 

.^,=^,8in-^c 


. TTTZ '^P>+cVi» 


^=>EArWa.-^e 


To determine we have by boundary condition (a) 3° 
§ 4-18, 


+ cVj® si 

VVv-o c ^ 


. Tirz 
sin 


provided differentiation under the integral sign in 


f z, t)dt 

Jvie 


is valid. Assuming this to hold, we obtain 

^-CVq. 


Multiplying both sides of (6) by sin , n an odd positive 

integer, and integrating with respect to z from 0 to h, all terms 
on the l.h.s. vanish except when n — r. Thus 


Jo 2A 


Lfsi 

u c J 0 


. TTTZ ^ 

sm^*, 


2i” V3,‘ + cV.>Jo ; 

SO A,. = ^CV^jirrs/p^ + 

Substituting from (8) into (4), we obtain 


4cVo„l . TTVze ^ 

<biy, z, ^)=3 ^2/- • Sin* 7 ^ -;==r=, (9) 

so by aid of the list we find that the v.p. at any point 
X, y, z is 

4 cv 1 tttz f^ 

^=— , Jo(on^t^-yVc^)dt ( 10 ) 
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The pressure corresponding to (10) is 


dj, 

’ dt'' 


• sin . JoiU'Jt^-y^lc^), 


( 11 ) 


where a — CTi. It is left to the reader to verify that 

1. (10) satisfies (4) § 4-18, the initial, and the boundary con- 

ditions ; 

2. Term by term differentiation of cj) with respect to y, z, in 
(5) and in (10) is valid (see § 7, Appendix II) ; 

3. Term by term correspondence in (9), (10) is valid ; 

4. (10) may be differentiated term by term ; 

For additional parts of the analysis and graphs of the wave 
form, reference should be made to [2], 


4*191. The function The time taken for a 

disturbance to travel from the origin to a point distant y there- 
from, with velocity c, is ^yjc. Thus in our problem the above 
function does not exist when t<ylc. Moreover, in a strict 
sense, it should be written jQ{asJt^ -y^lc^)H(t-yjc) [see foot- 
note to (1) § 1-31]. Now jQ(a\lt^ -y^lc^) — jQ{atsll -y’^jcV), so 
if y is fixed, s/i - < 1 for < > yjc, and 1 as + oo . Thus 

for any value of y the graph of this function lags — so to speak — 
in point of time behind that of The first zero of 

occurs when whilst that of -y^jc^) occurs 

, /2 4052 ^ 

when aJt^ - y^jc^ c:=l 2-405 or ^ — ~ — 1 - > 2-405/a. A 

similar argument pertains to all the zeros. When t is large 
enough compared with y/c, slt^ - ^ t, and the graphs of the 

two functions are almost coincident. The reader should plot 
Jo{t) and for y=:l00, 1000, 10,000, c-4000, 

using the same coordinate axes for both graphs. Tabular 
values of Jo(i) are given in [11]. 
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4*21. Simultaneous partial linear D.E. with constant 
coefficients. Pig. 12a is a schematic representation of a 
uniform electrical transmission line or a loaded submarine 
telegraph cable having resistance R, inductance L, capacitance 



Fig. 12a. — Schematic diagram of electrical meshes equivalent to a 
uniform transmission lino or a uniformly loaded submarine cable. 
Starting with a length Sx, this is considered to + 0 as the line -> 
imiformity, i.e. becomes meshless. 

Z = L^9 + R, the transform of the series impedance of imit length ; 

Y = Cp + G. the transform of the shunt admittance of unit length ; 

IJGdx is the resistance across the capacitance Cdx ; Gdx is its admit- 
tance ; 

dE— - Zl^dx, the p.d. across SPy being the current at P, and Zdx 
the series impedance ; 

dl— ~ YEj^dx, the current in PQy being the p.d. across PQ, and 
Ydx the shimt admittance. 


C, and leakance G, all assumed constant and reckoned per unit 
length (1 nautical mile of 6087 ft. in submarine cables). At any 
time t>0, E and / represent the potential difference between a 
point distant x from a convenient origin (see Fig. 126) and earth, 
and the current at x, respectively. Then at x the p.d. across 
the length dx between S and Pis - dE = [Ldx](dI/dt) -{-[Rdx]!, 
so 


dx dt 


+ R/- 



( 1 ) 


the negative sign indicating that E decreases as x increases. 
The current in PQ, by virtue of the capacitance and leakance of 
a length dx, is -dl = [C dx]{dE I dt) + [G dx]E, so 

+ = 

We consider first the so-called unloaded submarine telegraph 
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cable, where L and G may be neglected. Then from (1), (2) 
we have 





(3) 

and 

dI__f,dE 
dx dt 

(4) 


We shall take quiescent conditions initially, so that 

E = 0, ^ < 0 , ; 

1 = 0, t<0, O^x ; 

and assume the cable to be very long. As in § 4*13, if the length 
is finite but great enough, the influence of the energy reflected 
from the far end upon E and I at an intermediate point x can 
be disregarded when x is sufficiently remote from that end, 
assumed to be open.* The transform equations corresponding 
to (3), (4) are by (8) § 2*14, (since the S term is zero in virtue 
of quiescence initially) ; 

S + <“) 

and 

where E{x, t)=D(p{x, p), I{x, t)=»(l>(x, p).'\ As in §4-11 we 
assume E and I to be functions such that the order of differenti- 
ation and integration may be inverted, i.e. 



dcp 

dx 

II 

poo j 

1 e~^^Edt=p\ 
Jo 

r® , fd 

e-vt _ 
0 \« 

> 

(7) 

and 

d<l> 

dx 

9 

j* e~^^Idt —p^ 

r jd 
0^ \d 

j)-“ 

(8) 


The validity of (7), (8) may be checked when E and I have 
been determined. Differentiating (5) with respect to x, and 
substituting the value of dcf^Jdx from (6) therein, we get 



with X^=pCR, If at time f = 0 a battery of voltage Eq is 
applied between the cable at a; — 0 and earth, as illustrated 

* Insulated from earth. 

t For brevity we shall frequently write E, 7, or E^., 1^. to signify 
functions of {x, t). 
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schematically in Pig. 126, electrical energy will be propagated 
along the cable towards the far end, there being (by hypothesis) 


Sending 
end ^ 


x-o 


Transmitter 


^ Battery of 
Voltage Eq 


\Cabte or Transmission iine of greajt length 

Z] 


far end insulated 
from earth 


I Earth 


Fig. 126. Schematic diagram of uniform electrical transmission line or 
submarine cable of great length, the far end being ‘ open i.e. insulated 
from earth. 


negligible reflection effect at x. The corresponding boundary 
conditions are 

(а) ^->0, x->cx) , ^>0 ; 

(б) E=Eq (a constant), x^O, t>0, (see Fig. 13). This 


Potential 

? 

difference 



t^o Time 

jr=o 


Fig. 13. — Diagram illustrating form of p.d. applied to sending end of 
submarine cable. 

notation signifies that a p.d. Eq is applied at = 0 when ^ = 0, 


and maintained indefinitely. 

The formal solution of (9) is 

( 10 ) 

or 9 ?=AiSinh kc + Bi cosh Xx, (11) 


whichever is the better suited to the boundary conditions. 

By virtue of the first boundary condition, it follows that B = 0. 

poo 

For the second boundary condition, since q>=p\ e~^*E dt, 

Jo 

where E~Eq a constant, at x = 0, we have (p^E^, Thus 
A =Eq, and since B = 0, (10) becomes 

( 12 ) 

By (5) and (12), we obtain 

^ = XE^-’^<‘IR =i?o7(pC/R)e-®‘^^. 


(13) 
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Formulae (12), (13) are, respectively, the transform solutions 
of equations (3), (4) for and I^. We have now to interpret 
these formulae in terms of t. 

4’2II. Interpretation of <p and c(> in §4*21. From the list, 
we have for (12) § 4'21 

q> = iSf <= Eq erfc Klt)—Ex’, ( 1 ) 

and for (13) § 4-21 

=^oV(pC/R)e-®*^^« csi5,7(C/ir<R)e-®'«/« =/* (2) 

Following the procedure given in §§ 4*111, 4-112, the reader 
will have no difficulty in proving that (1), (2) satisfy 

1° Equations (3), (4) § 4*21, 

2° The initial conditions, 

3° The boundary conditions, 

4® That is bounded and continuous in 

(/(a;, t)\ 

x>0, Po>0. 

We now investigate the validity of the changed order of dif- 
ferentiation and integration in (7), (8) § 4*21. 

4*212. Validity of (7), (8) § 4*21. By (1) § 4*211. 

2 poo 3 

-A’oVape-®'-'"*’, (1] 

dx j Q dx 

where a = CR. Also 

p j* dt=- I* (2; 

= -EoV^e-*’^^, (3 

by the list. In virtue of the identity of (1), (3), the changec 

order in (7) § 4*21 is valid. By (2) § 4*211 

p^ r e-»^Idt=Eo'JpCjR^e-’‘'^^=^ -A?oCpe-*'^«»...(4 
dx J Q dx 

Also 

poo /^I\ r* 

= (6 
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provided aj>0, so (8) § 4*21 is valid under this condition. As 
a;-^ + 0 in (5), the integral does not converge uniformly, and 
when = 0 it diverges at the origin ^ = 0. Hence although E 
and / in (1), (2) § 4*21 1 satisfy (4) § 4*21 for x'^0, the transform 
equation 

<’> 

is not true for aj = 0, since [dIjdx\^^Q has no L.T. This case is 
akin to that in § 1*231, where ^(p) j'p ~pl(p^ + 1)^''^ is continuous, 
but the integral diverges when p — 0. In the above instance, 
^ {P)/P = is continuous at a: — 0, but integral (5) diverges. 

4*2I3. The function (2) § 4*211. When this takes the 
form so the current into the sending end of the cable is 
infinite in a mathematical sense. In practice the input current 
is limited by auxiliary apparatus associated with the trans- 
mitter. When a;>0, has a maximum value of 

at t = lx^CR. 

The current starts from zero at ^ ^ 0 with zero rate of rise, owing 

to the cable being charged through its own resistance. I /a. dt 

Jo 

gives the quantity of electricity supplied by the battery. 
Taking C = 3*5xl0~’ farad, R = 2*5 ohms in (2) § 4*211, the 
reader should plot /«; and t for a;- 1, and ir=^1000 nautical 
miles. 

4*31. Solution of (I), (2) §4*21 when G and L are not 
negligible. The equations (1), (2), § 4*21 symbolise the so- 
called uniformly loaded cable or transmission line where induc- 
tance plays the major role in reducing signal distortion. With 
an unloaded cable (L negligible), considerable signal distortion 
occurs at ordinary speeds of signalling, and correction devices 
are -needed at the receiving end to obtain legible characters. 
In a loaded cable, the central copper conductor is ‘ loaded ’ or 
wrapped with a spiral of thin tape or wire, having a high initial 
magnetic permeability,* of the order 4000. By this means the 

♦ If J5 is flux density and H magnetising force, the initial permeability 
is lim BjH. 

H — ►-f-O 
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inductance per unit length may be increased some 40 to 60 
times that of an unloaded cable,* and for a given character 
legibility at the receiver, the speed of signalling may be in- 
creased several fold. 

To solve equations (1), (2) § 4*21, we proceed as shown in that 
section. 

The respective transform equations are 




and 


dx 


+ Y<p = 0, 


(2) 


where Z = (L^ + R), the L.T. of the series impedance per unit 
length of line, 

Y = {Cp + G), the L.T. of the shunt admittance per unit 
length of line, 

(see Fig. 12a). Using quiescent conditions initially, we obtain 
ultimately the formal solution given at (10) § 4*21, except that 
now X^ = {Lp + R){Cp-{-G), Thus if ^^ = l/^/LC, R/L = 2a, 
G/C = 26, we get A {p + 2a) (p-\-2b). 

The same boundary conditions as before lead to the results 




~~V(iJ+2a)(p+2&) 


(3) 


and 


^=^?os/C/L 


/ nL\ 

(^ + 26)e ^ 

J(p + 2a){pi-2b) 


(4) 


As will be evident in §4-311, it is preferable to leave (4) as 
shown, and not cancel out sJp-\-2b. 

The exponential index in (3), (4). In (7), (8) § 4-21, t repre- 
sents time, so p has dimension for the index to be dimen- 
sionless. The parameters a, 6, have the same dimension as p. 
Thus >/(_p + 2a) {p H- 26) has dimension Since x represents 
length and the index is to be dimensionless, it follows that 


* In § 4-21 we put L = 0 as an analytical expedient, so that theoreti- 
cally the velocity is infinite. The actual value of L gives v= 1/VLC 
of the order 3 x 10* nautical miles per second or 6 x 10* cm. p.s., i.e. 
one-fifth the velocity of light. In a long imloaded cable the received 
current would not alter materially if L were zero. 

Q 


M.O.C. 
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t; = l/\/LC has dimensions and, therefore, represents a 
velocity. Typical values for a loaded cable are L = 10“^ henry, 
0=4x10““'^ farad per nautical mile. The corresponding 
velocity of propagation is approximately 5000 nautical miles 
per second or 10® cm. per sec. This is roughly one-sixth the 
actual* velocity in an unloaded cable, and one-thirtieth that 
of light. 

The finite velocity of propagation means that the current 
reaches a point distant x from the sending end at a time 

z=xlv after the transmitting key at that end is closed. Hence 
in the integrals corresponding to (7), (8) § 4*21 the lower limit 
must be x/v and not zero, but the boundary conditions are 
unaltered. Moreover, the functions representing E and / will 
take a form where the origin is moved to the point ty^^x/v ; and 
so far as our problem is concerned, they are both zero prior to 
that instant. 


4*3M. Interpretation of (4) § 4*31 in terms of t. If we put 

(a-f-6) = aand (a-6)=^, then 

X=v-^s/(p + 2a ) (p + 26) = + a)® - jS®, (1) 

so (4) § 4-31 becomes 



Consider the first term on the r.h.s. of (2), and write 

e--^f{x, t)^^^-========== . ( 3 ) 

V{2) + a)*-/3* 

Then by § 2*13, 

/(*. (4) 

t>xjv, from the list. Hence by (2)-(4) the interpretation of 
the first term in (2) is 

7i(«, t) =jEoVC/L e"“‘/o(i3V<® (6) 

By § 2- 151 the interpretation of the second term in (2) is 
26 times the integral of (5) taken between the limits xjv and t. 

♦ i.e. when L^O, 
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Hence the current at any point distant x from the sending end 
of the line is, for t'^xjv, 

I{x, t)=EQs/C/L\^e-^^lQ(^Jt^ -x^jv^) 

+ 26 f (6) 

Jxlv 

At the sending end x = 0, and when ^ = 0 the current rises pre- 
cipitately to the value Eq^(C/L), as illustrated in Fig. 14. 



loaded cable when C/L>G/R , i.e, R/L>G/C. 

Comparing this with the result in § 4*211 we see that the effect 
of inductance is to limit the initial input current to the line. 
The quantity 7(L/C) is termed the input impedance of the 
line, and dimensionally it represents a resistance. Using the 
numerical data in § 4*31, its value is 500 ohms. 

Formula (6) is valid for t—xjv, when we get 

4=^„7(C/L)e-«^ (7) 

since /(,(0) = 1. The physical interpretation of (7) is that the 
current travels down the line at velocity v = l/,y(LC), with a 
vertical wave front, which is attenuated exponentially en route. 
The wave front is vertical since by hypothesis L, R, C, and G 
are constant. The signal which travels down the line may be 
considered at x = 0 to have a frequency spectrum extending 
from zero to infinity. The higher frequencies are essential to 
ensure a steep wave front. In practice L decreases while R 
increases with rise in frequency, and the wave front, say 3000 
nautical miles from the sending end, is far from being vertical, 
although it is much steeper than that in an unloaded cable with 
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The front (signal head) is vertical at a: = 0, but steadily 
tilts backwards * due to reduction in the higher frequencies with 
increase in x, as shown by the broken curve in Fig. 16. 

In Fig. 14 the current into the line at a; = 0 is shown to decrease 
asymptotically to the value i5o>/(G/R). This occurs when 
R/L>G/C, as is the case in practice. But if G/C>R/L the 
current increases asymptotically to the above value. The final 
current t is due entirely to leakage through the insulation, and 
its value may be found from (6) in the following way. When 
t is large enough and much greater than xjv, the asymptotic 
formula for the Bessel function can be used, so with 


Iq (Pu) s/ 27T^U 

(8) 

Now -oct + pu is easily shown to be negative, so 
infinite in (6) leads to 

making t 

1{X, i)=:Fo7(C/L).26r ... 

(9) 

•'ir/v 


=FoV(C/L) . 26e-W®>'/“‘-^/Va*-i32 


by the list -FoV(C/L)7(6/a)e-2W*)''"“» 

(10) 

-Fo7(G/R)c-*^/6'‘ .' 

(11) 


When a; = 0 and 4- oo , the total leakage current of the line is 

7(0, oo)->^oV(G/R) (12) 


By using formula (11) § 13-41 in reference [12], it can be shown 
that for an open-ended (insulated) uniform line of length I, 

7(0, 00 ) ==JS;o'^G 7R tanh I-JGR (13) 

When ZVGR is large enough, 

tanhZVGR~l, (14) 

and (12) above is reproduced. 

4*312. The function y = lo(pVt®-x*/v*). From a purely 
mathematical viewpoint, this function exists for all values of 
whether real or complex. When j8, ty xjv are real, 
the range of - x^jv^ is from ±icc to 0, and from 0 to + oo , 
* On a time basis. 

t In a long line open (insulated from earth) at the far end. See re- 
marks below (4) § 4*21. 
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according as t< or>xJv. In our problem the variable is real, 
and the function commences at t=xlv. It is finitely discon- 
tinuous there and /o(0) = l. Consequently it ought to be 
expressed in the form 

y=IoW-Jt^-x^lv^)H{t-xlv), ( 1 ) 

where H{t-xlv) is Heaviside’s unit function with its origin at 
the point t=xjv. Then in (1) ^ = 0 for tKxjv, is discontinuous 
at ^ = xjv, and x^/v^) when t > xjv. This applies also 

to the first term on the r.h.s. of (4) § 4*314, so it should read 
- x/v). The relationship between y and t is portrayed 
in Fig. 15, the value of being arbitrary. Using the numerical 



Fig. 15. — Graph of the Bessel function 

y = 1 t>x/v 

= 0 i Kxjv. 

It is finitely discontinuous at G '-xjv, but positive, monotonic increasing 
and continuous in t >x/v. 

data in §§ 4*31, 4*313 and tabular values of Io(x), the reader 
should plot (1) for various values of x, e.g. 0, 1000, 2000, 3000 
nautical miles. 

Differentiation of y=lQ{pu), where u~^t^-x^jv^. Since y is 
discontinuous at t^xjv, it is indeterminate and cannot be dif- 
ferentiated there. But the function is continuous as t-^ + xJv, so 
its first derivative may be found as a limiting case. (See Fig. 15 
where the derivative is represented by the slope of the curve). 
Then 

dy dIoiM MM ^ 


(2) 
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Now as t-^ + xjv, pu and /i(j8tt)-> + 0, but Ii{^u)IPu-^lJ2. 
[ref. 11]. Hence 

lim ^f = j3V2t» (3) 

t-^+x/v 

4*313. Discussion of (6) § 4*31 1. We have already considered 
the relationship between I ^ and t at the origin x-0 (see Fig, 14). 
As X increases, the head of the signal is attenuated exponenti- 
ally, by virtue of the factor and in a given transmission 

line, the shape of the ensuing part (or tail of the signal) depends 
upon X, The size of the head steadily shrinks compared with 
that of the tail, until the point x — 2vj^ is reached (^>0). 
Thereafter the current-time relationship takes the form of the 
solid curve in Fig. 16, and the size of the tail exceeds that 
of the signal head. The current increases asymptotically to 
the value Eos/G/Re"^^^^. When R/L=G/C, ^ = 0 and the 
current-time curve at all points of the line (which are far enough 
from the open end for reflection therefrom to be negligible),* has 
the same shape as the p.d.-time curve at the sending end, i.e. at 
any point x it has the form H{t-xjv), Moreover, if 1/LC is 
constant, so also is the velocity of propagation, but the signals 
are now distortionless due to the influence of the large leakance 
G in preventing the size of the tail from exceeding that of the 
head.f The attenuation of the signals is so great, however, that 
the distortionless condition cannot be used in practice with the 
materials of construction now available. For the cable cited 
in §4-31, G is 10-® mho, R is 1*8 ohm per nautical mile, so 
R/L = 18, whilst G/C = l/40. Thus in the attenuation index, 
namely, a = |[(R/L) + (G/C)], G/C can be neglected in com- 
parison with R/L. But if G were increased 720-fold to obtain 
the distortionless criterion, a would be almost doubled. If 
were 2 x 10“® at a certain point of the line, with 
G “ 10“® mho, it would be 4 x 10“® with a 720-fold value of G. 
Thus the distortionless condition would entail a 500-fold reduc- 
tion in signal head, which is impracticable. 

* See footnote on p. 67. 

f Current leaks from the central conductor through the insulation to 
earth. The leakage current decreases exponentially along the line : 
see (11) §4*311. G may be regarded as the insulation conductance. 
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We shall now consider the preceding statements from an 
analytical standpoint. To obtain a rising current (solid curve 
of Fig. 16), the slope of the curve as must be > 0. 

Differentiating (6) § 4-311, we get 

( 1 ) 



Fia. 16. — Form of current in uniform transmission line if x>2vlp, 
when the p.d. at the sending end has the form E^H{t) as in Fig. 13. 

where K=Ea-jQI\-, u — Jt^-x^jv^,{ix~2b)=p. 

T*'™ 

t~>-\ - 

V 

and for 1^ to increase with increase in t, (2) must be >0. Hence 

x>2vjp, (3) 

with j3>0, i.e. R/L>G/C. If G=0, (3) gives 

w 

which means that x must exceed four times the ratio of the 
input impedance to the resistance per unit length of the line. 
In the case treated above, a:>llll nautical miles. When 
^xl2v<l, (2) is negative, the current decreases with increase 
in time for a fixed x, so the signal head is larger than the tail. 

If in (1) we take R/L = G/C, i.e. j8 = 0, dl^jdt is zero for all 
values of ^ > xjv and, therefore, the signal * is transmitted down 
the line without distortion of form, i.e. there is no change in 
type. Alternatively writing j3 = 0 in (6) §4-311, 26 = a and 

* Of form H (t) at the transmitter. 
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Ix Thus the current at a given x is constant 

for t > xjv, and has the form H(t- xjv). The general case where 
the p.d. at the transmitter has the form ^{t), is treated in 
§ 4-332. 

Remarks on G, In practice G has a dual interpretation. 
(1) The effective leakance with sinusoidal cuiTent. This arises 
through “ dielectric hysteresis ” (the current being not quite in 
phase quadrature" with the applied p.d.), and it is approximately 
proportional to the frequency cjo/27r. (2) The “ conductance ” 
or reciprocal of the ‘‘ dielectric resistance ” (the latter being 
p.d. /current) at a specified time after the application of a 
constant unidirectional p.d. Owing to “ absorption ”, the con- 
duction current decreases asymptotically with increase in time 
to a limiting value, presumably the true ionic current. The 
value G==10“® mho per nautical mile in [11, p. 112] is for a 
guttapercha dielectric at a frequency of 33 c.p.s. A value of 
G of this order would probably apply to the signal head (wave 
front) in the transient case, but for the “ tail ” of the transient, 
a value corresponding to the dielectric resistance is required, 
e.g. G = 10“® mho per nautical mile for guttapercha. For a 
synthetic dielectric, e.g. polythene, G would be much smaller 
than 10“®. In modern cable telegraphy it would not be advan- 
tageous to increase G, since distortion is easily overcome by 
aid of correcting networks associated with the valve amplifiers 
at the receiving end of the cable. 


4’3I4. Interpretation of (3) §4*31 in terms of t. From (2) 
§ 1-31, (3), and (4) § 4-311, we have 

f -x^jv^))] dt 

^ xjv 

+ a)2 - (1) 


Since the resulting integral converges uniformly (see §§12, 
13, Appendix III for other conditions necessary) we may dif- 
ferentiate both sides of (1) with respect to x. Thus we obtain 

= ^-(xlvW ( 2 ) 
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Interpreting the l.h.s. of (2) using §§ 2*122, and 2*161, leads 
to the result 


g*-aaj/v _|_ 


^ ^ xjv 


(M 


U 


dtz 




.(3) 


where it is to be understood that the first member should 
strictly be written Hence by (3) §4-31 and 

(3) above, the p.d. at any point x when t>xlv, is 


+ — [ e dt\ . 

L V u J 


This formula is illustrated graphically in Pig. 17. 


(4) 



Fig. 17. — Illustrating relationship between p.d. and time in uniform 
transmission line or loaded submarine cable at a point distant x from 
the transmitter. 


4*32. Proof that (6) §4*311 and (4) §4*314 are the appro- 
priate solutions of (I ), (2) § 4*21 . In this case proof that the 
differential equations are satisfied entails some heavy algebra 
involving Bessel functions, and need not be given here. The 
same remark applies to verification of the validity of the in- 
verted order of integration in the integrals corresponding to 
(7), (8) §4-21.* For the initial conditions, owing to the 
ordinary discontinuities in E, /, we let ^->-0. Then since 
(4) § 4*314 and (6) § 4*311 are zero prior to ^ = 0, E=I=^0 for 
all x^O, Also if t->(xlv) -0, /«. — 0 at any x. For the 

boundary conditions, from (4) §4*314 {a) E >0, a; ->oo, 
0<^<oo, (b) E=Eq, x~ 0, t>0. Thus both the initial and 
the boundary conditions are satisfied. Also and are 
bounded and continuous in t>xlv, x^O; so also are 
e-poti^ for Pq real > 0. 


* In the present case the lower limit in each integral is xju. 
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M-32L Loaded cable with series condenser Cs at sending 
end. In Fig. 12 6 imagine Gs to be connected between the 
battery and the cable. Then, with quiescent initial conditions, 
the p.d. applied between x = 0 and earth is Eq less the p.d. across 


Cs. If /(O, t) => (f>o(p) is the current into the cable at a; = 0, the 
p.d. across Cs is 

t)dt=>cf>JpC, ( 1 ) 

Thus the p.d. applied between the cable and earth is 

E{0, t)=:^(E,-^JpCsh (2) 

this being one boundary condition. The second b.c. is that 

E{x, ^->0, a;— >00 , t>0 (3) 


The L.T. of the current at any point distant x from the sending 
end of the cable is given by (13) § 4-21, provided we write 
(Lp + R) for R, A = n/LC \^(p + a)^ - and {Eq - (f>o/pGs) for Eq. 
Then we get 

<!> ^ (Eo - cl>JpCs) Ae-^-/(Lp + R) (4) 

Putting A/(Lp + R) = l/Zc, where Zc is known' as the character- 
istic or surge impedance of the cable, and letting a; = 0, (4) be- 
comes 

<^o = (Eq — <^qIpCs)IZc, (5) 

so (I)q~EqI(Zc + l/p6'.v) (6) 

Substituting for 0o from (6) into (4) leads to the L.T. of the 
expression for the current, namely, 

<l>=E,e~^-l(Zc + llpCs) (7) 

Since A = \/(Lp + R) (Cp + G ), we obtain 

Zc ~ s/L/C J(p-h 2a) (p 4- 26) 

in the notation of §§4*31, 4-311. Inserting this in (7), and 
multiplying the numerator and denominator by VC/L(p4-26), 
yields 

J.__ C/L {p + 26) e 

V(^) + 2a) (p + 26) + p(p + 26)/p ’ 

where /) = 1/C',\/L/C. Since •JX.jC has the same dimensions as 
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a resistance, p has the dimension tr^ like l/CR in 
Using (1) § 4*311 in (8) gives 

I{x, (9) 

J{p + 0Lf-^‘^ + p{p + 2b)lp 

To simplify the analysis which follows, we shall assume that G 
is negligible (see § 4-313). Then 6 — 0, and a — a = j8, so (9) 
may be written 

H.i) _ 

Eo-J Cjl. -J^p + aY-a^^p 

Applying the theorem e"‘f{t) <f>{p - a) to (10) leads to 

_X 

= <“> 

with s = Jp^ - a*. 

*4*322. Interpretation of (I i) § 4*321. We may write 

<*' 

From the list 

_x 

-x^/v^):=»pe /«, (2) 

so we have now to interpret the third member of (1). Using w 
for t pro tem,, the list gives e-f^^zDpj{p + p), and on applying the 
shift theorem we obtain 

P^~pUv~xIi>) -3 p,p^ I (p +p) (3) 

If to (3) we apply (3) § 2-254, the third member of (1) is repro- 
duced. Consequently in (3) § 2-254 




so it follows that 


( 4 ) 
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the lower limit being xlv, since the current is zero for t < xjv. 
Hence from (11) § 4-321, (1), (2), and (5) above, we find that 

1 {x, t) = Eo Vip/L e -O' [/o - x’^jv^) 

- I - w<^)dw (6) 

To find I {x, t) when Cs is short-circuited (before the battery is 
connected), we put Cs = oo . Then p = and from (6) we get 

I{x, t) - x^v^) (7) 

Moreover, the second member on the r.h.s. of (6) represents the 
reduction in current caused by (7&*. The requisite checking akin 
to that in § 4*32 is left to the reader. 


M*323. The solution when G Using the numerical data 
in § 4*313 we get a = 9, 6 = 0*0125, so a = 9*0125 and j8 = 8*9875. 
Thus and this enables an adequate approximate solution 

to be found, the accuracy of which increases the smaller is 
t>xlv. Applying the theorem above (11) § 4*321 to (9) § 4*321, 
with a for a, and using (26 “ a) = - j8, we obtain 


<*' 

{l+26/(p-a)} (2) 


pe ^ 


~[Si+p(p-p)/{p-oc)] 

Taking j8, (2) may be written 


8i 

( 3 ) 

Apart from the external multiplier, the interpretation of the 
first term on the r.h.s. of (3) is given by (6) § 4*322, if a (or j8) is 
written for a. The interpretation of the second term in (3) may 
be obtained from that of the first by applying the product 
theorem. It is left for the reader to derive the result 


/ (X, t) =Ea-JCIL I e -«'/o - x^y) 


f -w^)dw 

^ xjv 
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+ 26 f c r /q x^jv^) 

Jxlv ‘- 

- peP®^® I e - w^) d/n | (4) 

When Cs — <x> (the analytical equivalent of a short-circuited 
condenser), p = 0, and (4) reduces to (6) § 4"311, except that 
now a /3. Moreover the sum of the two members of (4), 
haAdng p as a factor, represents the reduction in current caused 
by the condenser. 

*4*33. Boundary conditions as functions of t. Referring to 
(10) § 4*21, let the boundary conditions for a very long line 
be (a) a; >00 , i >0 ; (b) E — x~ 0 , t>0. ThatRis 

zero follows immediately from (a). For (6) we have 

<f>2=p\ e-^%{t)dt, ( 1 ) 

•'0 

or ^2{t)=>hiP) (2) 

Using this in (10) § 4*21, with B=0, yields 

99=^26-*®, (3) 

so that in (12) § 4*21 Eq is replaced by the L.T. of ^a{t), the 
applied p.d. 

*4*331. Suppose that the boundary conditions for a limited 
length of line I are as follows : 

(а) Ei = ii{t)=<f>i{p), x=l, 00 ; 

(б) E2 = ^2{t)^<l>i(p), x = 0, 

Then substituting (a) and (6) in (11) § 4.21 leads to 


Ai sinh XI +B^ cosh XI —<f>i, (1) 

( 2 ) 

Solving (1), (2) the arbitrary constants are obtained as functions 
of p, namely, 

= (^1 - ^2 oosh AZ)/sinh XI, (3) 

(4) 


The results in § 4*33 and the present section hold for the general 
value of A, namely, V{(Lp-l-R)(Cp-f-G)}. 
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*4*332. Example. A potential difference represented by 
^2 {t) is applied at a: = 0, < = 0 to a very long loaded cable initially 
quiescent. Determine the p.d. and current at any point 
distant x from the transmitter. [See Fig. 1 2b where the p.d. due 


to the battery is now replaced by ^ 2(0 ] 

1°. The p.d. By (3) §4-33, with 

cp=(j>^e-^<‘, (1) 

A being given in § 4-331. We apply the product theorem 
§ 2-241 with 

e: «e (2) 

thereby obtaining 

V f - ix)e-‘'TQ{^J - x^jv’‘)d(i=><l)2e-’'’‘jX (3) 

^ xfv 


Thus differentiating both sides of (3) with respect to x (the 
validity of such procedure depending upon the function 
we find that 




+&f 

^ xfv 




V/x* — x^jv^ 




-.(4) 


t'^x/v, by § 13, Appendix III. Eg^ is the p.d. between the line 
and earth at any point distant x from the transmitter. 

2®. The current. Writing ^2 for Eq in (4) § 4-31, we obtain 
the L.T. of the current, namely. 


h^<f> = V(C/L)(p + 2b)<f>,e-^-lvX (6) 

By (3) the second term on the r.h.s. of (5) yields 


2b<f>2e^^^lvX^2b f (^) 

j xlv 

Using 22 § 8*3, with r = 0, » = 1, 6 =x/v,f{0) =0, and assuming 
that differentiation under the integral sign is permissible, we 
have for the first term on the r.h.s. of (6) 


I 

dt 


r - x^jv'^) dfx -^*lvX. 

J*/» 


( 7 ) 
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The l.h.s. of (7) is 

where w = JfjL^-x^lv^, Adding the r.h.s. of (6) to (8), re- 
membering that (26 - a) “ j8, and incorporating the factor 
^(C/L) from (5), the current at any point distant x from the 
transmitter is given by 

Ix = ^(C/L) je-”*/* ^2(< - xjv) 

+ - /o(/8 «;)] , (9) 

t'^x/v. For the distortionless line j8 = 0, so (4) degenerates to 


( 10 ) 

and (9) degenerates to 

h = J(C/L)e~^-l-Ut-x/v) ( 11 ) 


Thus the p.d. and current at any point of the line are in step 
and identical in form with the applied p.d. They bear a 
constant ratio to each other, namely, ^(L/C), which is the 
characteristic or surge impedance of the line. Both E and I 
are attenuated exponentially en route, and lag behind the p.d. 
at = 0 by a time t^—xjv. 

M*34. Initial conditions as arbitrary functions of x. 

Suppose that when - 0, the distribution of p.d. and current 
in the transmission line of §4*21 are, respectively, E = l^{x), 
I z=^[x), O^x^l, I being the length of the line which may have 
any value. 

Applying (5) § 2-14 to (1), (2) § 4-21, the corresponding trans- 


form equations are : 

| + = ( 1 ) 

( 2 ) 


=/i(« - m V - - f*) (/.) 
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Assuming that the relationship corresponding to (8) § 4'21 
holds, we differentiate (2) with respect to x and substitute 
from (1) for dfpjdx, thereby obtaining 

^^-X^<l>=g(p,x) (3) 

whete A‘“=YZ, and g(p, x) — - LYx^ . 

The complementary function of (3) is 

sinh Xx + B cosh Xx (4) 

The particular integral of (3) may be found by the Boole 
standard operational procedure as follows : 





u)du - 


f 

Jo 


e'‘“gr(p, u)du 



A>0. 

The complete solution of (3) is the sum of (4) and (6), i.e. 

<f>=<f>e + <f>p '• ( 7 ) 


By (2) we have 


^ Y dx Y ■ 


( 8 ) 


Thus from (4), (6), and (7) 

-(p—^[A cosh Aa;+Bsinh A*] +y (9) 


Using the boundary conditions of §4-331 in (9), i.e. q>=<f>i, 
x=l, t>0-, (Pq=^ 2 > a^=0, *>0, we obtain two equations for the 
determination of A and JB, namely, 


= y {A cosh Al+Bsinh A/)-f~(^) -(10) 






M 

Y "YVd*7*. 


.( 11 ) 


Having found A and B from (10), (11) the transform solutions 
(8), (7) for q> and <f> are completely determined. The final 
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step is the interpretation of 9 ?, (f) in terms of t, and it may be 
necessary to apply the Mellin inversion theorem in Appendix IV. 


^4*35. Particular integral of (3) § 4*34. This is given at ( 6 ) 
§ 4*34, and may be expressed in the alternative form 




=ij sinh X{x -u)g{p, u)du (2) 

The result ( 2 ) may also be obtained using the product theorem 
§ 2-24. In (3) § 4*34 write q for djdx, <f>{oo)=>i/f{q), g(x)=^ilfi{q), 
and we get * 

® 


Applying § 2*24 gives ( 2 ) immediately. 


4*36. An analogous problem. The electrical transmission 
line has been treated at some length, since it is of practical im- 
portance and mathematical interest. Owing to simplification 
of the conditions, the solution is not exact in a physical sense.f 
The problem of the transmission of longitudinal (sound) waves 
in a uniform homogeneous straight rod is analogous, except for 
lateral expansion and contraction, to that of the transmission 
line with G ~0. 

* <f) and g are functions of p and x. The L.T. is with respect to x, 

t The actual conditions are complicated. An exact solution would 
necessitate the solution of Maxwell’s equations using the appropriate 
boundary conditions, taking into accoimt end effects, proximity of the 
earth, radiation, etc. 


H 


M.O.O. 
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EVALUATION OF INTEGRALS AND ESTABLISHMENT 
OP MATHEMATICAL RELATIONSHIPS 

5*1 1. The theorems in Chapter II, and the list of forms, can 
be used to great advantage in evaluating certain types of finite 
and infinite integrals. They are also beneficial in obtaining 
expansions and mathematical relationships between different 
functions. Integrals may be evaluated by employing one of 
the following procedures ; 

(1) Application of § 1*22 ; 

(2) „ „ § 2*22, the infinite integral theorem ; 

(3) „ „ § 2*24, the product theorem ; 

(4) „ „ formula obtained using § 2*25 ; 

(5) Introduction of a variable parameter upon which the 
L.T. is based. As in other chapters, the analysis depends in 
part upon Lerch’s theorem §§ 1-14, 1*16. 

Example illustrating application of § 1-22. 

poo 

Evaluate /=| cos a real and >0. 

Jo 

By 2° (6) § 6, Appendix III, the integral converges, and, 
therefore, the following integral converges also : 

I e-^* <ios(adtlJt = (1) 

= ‘s/77a/2(p + Vp®+o*)VVp*+a®, (2) 

from the list.. Applying § 1"22 

I — ^J'tral2 lim {p+ ^p^+a^)*jjp^ + a^ = j7ral2, (3) 

p-t-+0 

since by 2® § 8, Appendix III, the second integral in (1) con- 
verges uniformly with respect to p in any interval 0 

100 
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*5*13. Example illustrating application of §2*22. 

Evaluate 

I »/(,(« sinh 6) tanh 6 dO, a real >0. 

JQ 

Writing cosh d=^t, sinh d — I, tanh ddd= dt/t in the 


integral, we get 

Using 25 § 8-3, 

I — 1 - l)dt/t 

(6) 

-j 

1 ^^^dp-\ + 

'o P Jo 

(6) 


Substituting p=a sinh cp in the second integral in (6) gives 


/==[ d(p=:Ko(a), (7) 

Jo 

by reference 11, p. 165. Hence if § 9, Appendix III is 
satisfied, 

poo 

Jo(a sinh 6) teinhddd~KQ{a) (8) 

Jo 

Now (a) f{t)=- jQ(as/t^- 1), and this is continuous in ; 

roo 

(6) J e-^>*jQ{a'Jt^ - 1) dtjt is u.c. in 0 ^p^p 2 '> 

roo 

(c) I - l)dp is u.c. in in <^1. 

Jo 

since the integrand is continuous therein ; * 

(d') I Jo{a^/f^- l)dtlt exists, since the integrand is continuous 
in 1 also 


f ^ — 0] V2/wa I cos {ajt^ - 1 - Jtt) | 

J* I Jh 


dt 


when h is large enough, and this 


/2 

ISIS <* / — 
V TTU 


r 


dtlt^l^ = 2J2l-J'nah, 


so the integral is convergent. Hence the conditions for in- 
verting the order of integration are satisfied. 

* See § 1-21. 
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5*141. Examples illustrating application of product 
theorem § 2*24. 

The Beta function, due to Euler, is defined by 

v) = f -xy-^ dx, (1) 

Jo 

and it is desired to evaluate the integral in terms of known 
functions. Now the 

integrals of type (1) § 1-11 being absolutely convergent if 
B{(i)>0, lt{v)>0, R(p)>0, so the conditions for validity of 
§ 2*24 are satisfied. Thus 

<f>i<l>jp^r{fi)r(v)ip«+''-^=r(p)r(v)f^+-'-iir(p+v). ...(2) 

By § 2-24 the r.h.s. of (2) is equal to 

j x'^-^(t-xy~^dx (3) 

Jo 

Writing i = 1 in (2), (3) we obtain 

£a:K-i(l -xy-^dx=^p~^ =B(ix, v) (4) 

R{p)>0, R{v)>0. 

By substituting x=sin^0 and writing /x,-fl/2, v+1/2 for 
and V, respectively, in (4), we get the well-known formula 


r sini*''^ cQs^ede (6) 

Jo 2r(p+v+i) ' ' 


-®(/*)> -h R{v)> -i- 


= ^B{(i + l, V 


5*142. Evaluate 1 = ^ J^{X)J,{t-X)dX. 

Jo 

By4°§l*211, ( e~^*J^{t)dti&absolutelyconw&cgeniiiR{fi)>-\, 
Jo K 

i2 (v) > - 1 , so § 2-24 is valid in the present case. Now 



where b = >/p® + 1 -p ; also 

26/(1 +62) = 26/2 (p* + 1 -pN/p2 + 1) 

- 26/26n/p*+ 1 = 1 /Vp^ + l (2) 
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Applying § 2*24, we have 

1=M.IP + 1) ■ ttF" 

= I (4) 

+ 1 »'=*0 

provided |6| <1, i.e. jp>0. Interpreting (4) by means of 
(1), and using Lerch’s theorem §§1*14, ]-16 we find that 

f e/^(A)J,(^- A)dA = r J^{t^X)J,(X)dX 
Jo 'o 

-2 f (5)* 

r=0 

The conditions in § 2-18 are satisfied, so term by term inter- 
pretation in (4) and (5) is valid. 

5*143. Evaluate /= f /^(A) sin (t - A)dA. 

Jo 

rco 

By 4^ § 1*211, e^^*Jy{t)dt is absolutely convergent if 
Jo 

/2(v)>~l, and by § 1*21, since sin ^ is bounded in t'^0^ 
^00 

e“^^sin^6i^ is absolutely convergent. Thus the conditions 
Jo 

for the validity of § 2*24 are satisfied. Then if i2(i/)> - 1 

J,(t)=>pb'’/Jp^ + ] ^<l>i (1) 

and sin <=p/(p* + 1) = 4>2 (2) 

6 being defined in § 6-142. 

Ap])lying § 2-24, we have 

+ = ^ (3) 

»( _1),,(^^1)^^^^ (4) 

vp ® + 1 *■“0 

if I 6 I < 1, i.e. p>0. Hence by (1) § 5-142 

/-4^(-ir(r+l)e/,^2r+2W, (5) 

r«0 

♦ Writing fx-O, v- I and using (3) § 2*242, we obtain the well-known 

oo 

expansion cos t = Jo(t) -^2 £ ( - l)Vay(0» [s©© reference 11, p. 43]. 
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the conditions for the term by term interpretation in (4), (6) 
being satisfied. 


*5*144. Alternative form of (5) §5*143 when v=2m, an 
even positive integer. We have 


~ (p2+ 1)3/2 - (^2 + 1)3/2 


(2m>/p2 + 1 + 1/6)- 


2wip6*"‘+^ 
p® + 1 


^ow 


...( 1 ) 


2mpb^ 


p^ + '. 

= (-!)” 


}]. ...(3) 


■Jp^ + 

' ’ L®3 + 1 


-[--^^ + 264 
iL 1+62^ t 


+ 62 
P 

Jp^ + \ 


1 + ( - l)»»+lft2m 
1+62 


+ 


+ - jL r-. {62 _ 64 + _ l)m+lft2m}1 ^ ...(4) 

N/p2 + 1 J 

since ' - 262/(1 + 62) = - bfjp^ + 1 = - 1 +p/-Jp^ + i. 

Hence from (1) and (4) 


^ ^ + J) + 

Interpreting both sides of (6), we obtain for m > 0, 

f ^ 2 ^ ( A) sin (< - A) d A = < +1 (0* + ( - 1 )”* 2m [cos 
Jo 

+ 2J3{«)-... + (-1)»+i2J, „(«)], 

=A ( 6 ) 

In like manner it can be shown that if m > 0 


I >^ 2 m{A) cos (t - A)dA =tJ 2 m-i{t) + { “ l)”*+^2m [sin t - 2Ji{t) 

Jo 

+ 2J3(0-... + (-1)”‘2J2«.-i(0]. 
(7) 

* The L.T. of this term is found by applying the r.h.s. of (3) § 2*17 to 
the L.T. for J 2 m+iW in the form at § 5*142. 
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» 

The reader will now have no difiSiculty in demonstrating that 

1 e/2w(A)sin AdA=jBsin^--4 cos^, (8) 

Jo 

and I J 2 mW cos A dX =A sin ^ +5 cos t (9) 

Jo 

When i/ = 0 in (5) § 5* 143 and m = 0 in (6), we obtain the known 
relationship [11] 

tJ,{t) = 4 2 ( 10 ) 

r=0 

By giving v and m in the above formulae the values 1, 2, 3, , 

a series of identities can be written down. By evaluating the 
l.h.s. of (7) as an infinite series of Bessel functions, another set 
of identities may be obtained. 


^5*145. Show that 


/ = J J^{a sin 6) (a cos 6) tan^+i 9 dO 

(ay 

2r[J{v+/x) + l] \2/ 


Jy{a), a real>0 [ref. 5]. 


Write a = 2Jt, cos 0 = *7 A/t, which gives 

sin 6 = -J{t ~ X)jt, tan 0 = A)/A, d6— -dX/2s/X(t-X). 

These substitutions lead to 


/ = (< - X)i>^J^{2Jt - A) . A-<i+‘'‘)4(2VA)dA, (1) 

so in the symbohsm of § 2’24 

/i(«) 

Following the procedure in 4° §1’211 it may be demonstrated 
that 


1 e-p%{t)dt is abaoliOdy convergent if i? (/i) > - 1 , 
Jo 

and that 



-^%{t)dt is absolutely convergent if E(v-/t)>0, 


i.e. R{v)>B(ji). 
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With these restrictions on fi and v, we may apply § 2‘24. 
Then from the list 


and 


= ^1, 


•(2) 


^ ^^riv+ ’ * * * § '+1; i/p]=^2. —(3) 

where ^ ; y) = 1 + -^y+ ... . 


By (2), (3) 


llfi' 2 !^(| 8 + 1 )' 


'^ ^rty + ; v + 1; 1/p]. ...(4) 

Applying the formula 

1^1 (a : ^ ; y) - «) ; ^ ; - y], 

(4) may be written 

^ ; *' + 1: -VpL -(5) 

From the list 

+ + 1 ; v + 1; -1/p], ...(6) 

so by (5) and (6) we find that 

2r[Hv+p) + i]''‘’^^^^^’ 


i2(v)>i?(/x)> - 1. 


- hYj (a) 

~ 2r[i{v+p)+i] W 


.( 8 ) 


*5*151. Examples illustrating application of formulae 

obtained using§2*25. 

For a rigorous application of this complicated theorem, it is 
necessary, with a given f(t), to prove 1°, that integral (1) 

§ 2-26 converges ; 2°, that the inverted order of integration in 
(4) § 2'26 is permissible. These proofs are often long, and 
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may necessitate reference to analysis in other works. Here we 
shall give purely formal illustrations of theorem 14. We may 
remark, however, that if integrals (1), (5) § 2-25 converge, the 
results are usually correct. 

poo 

Application of 1 jQ{2s/xt)f{x)dx=^p ^(1/p). 

Jo 

(а) TakGf{x) =sin x, then <^(p) =pl{p^ 4-1), so 

p<f>{llp) =p^l{p^ 4- 1) c= cos ^ ( 1 ) 

roo 

Hence jQ{2jxt) sin x dx = cos t (2) 

Jo 

The convergence of this integral is examined in 5® § 5, Appen- 
dix III. 

(б) Take f{x)-=e-^x^, then (l>{p)= nip/ {p + l)^+^, (3) 

n being a positive integer. Now 

p <^(l/p) —n\p^-^^l{p 4- l)”'^^c=n!e“^L„(^), (4) 

by the list. Hence 

f jQ{2s/cd)e~^ x^ dx=n\e’-^Ln(t)y (5) 

Jo 

Ln{f) being the Laguerre polynomial of order n [13]. The 
reader should investigate the convergence of this integral. 


^5*152. Example. 

1 2 

We apply the theorem 1 e-^^^^f{x)dx^(f>{p^^^) in two 
cases. 

(a) Take f{x) =sinh x, then ^(p) —pl(p^ - 1), so 

<f>{p^i^) =p^l^l(p - l)c=e* erf <1/2 (1) 

from the list. Hence if <>0, 


I c /^^ sinh xdx — siTTi erf 
Jo 

ei 


.( 2 ) 


(6) Take f{x)==heVx, then bei (0)=0, and 


N/2(p4 + l) 
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\/2(p2 + i) + + 

■■Ji(t)IJ2 (4) 


Hence if f > 0, 


f g-**/4( bei'a; dx = -JTTtl2 J^(t) =sin t. 
J(\ 


*5*153. Application of 


t' f J j», (2 Vxt) f (x) x-- dx = <P0Ip)> R (v) > - I . 
Jo 


Take f{x) =e-’‘^J,(x)se', a real>0, then 

2' r{^+h)p 


<I>(P)= 


>[(f) + a)2 + l]^+i/2’ 




2" r(v+\)p 


p^ + {\+apY=p^{a^ + \) + 2ap + \, ( 2 ) 

= (»■ + •) [j.* + Jfl + ~ J . ...(3) 

+(5iTTj<)“’ + '> 

Substituting from (4) into (1), and interpreting in terms of i 
by aid of the formula above (1) and (4) § 2-11, we obtain 

2-r(v+i) p 1 

Jn '[( a \2 / 1 \2 t+i/ 2’ {aa + l)-+i''2 




g-a«/(o*+l) fp 

' (02+l)l/* 


•/.[</(»* + !)] (6) 


Hence 


r g-0«/(o*+l) 

e-«»Ja,(2>/*f) J, [«/(a* + 1)], (6) 



EVALUATION OF INTEGRALS 


109 


B(v)> -1, or 

e-<‘<‘J^{2t^x)JAx)dx=—-^^ 4[«V(a* + l)] (7) 

Writing p for a, b for t, and t for x, it follows from (7) that 

Ajg — j>6* y ( +1 ) 

J^(2bJt)J,(t)=>^-^-==^ JAbW + l)l ( 8 ) 

•Jp^ + l 

i?(v) > - 1, 6 real > 0. 


*5’I54. Example. As a second illustration of the application 
of the theorem in § 5-153, we write for v and take 

f(x) = e -**a:**’ J„ {2Jx). 

Then from the list 

x^''J„{2Jx)=>p-''e-^l’‘>, ( 1 ) 


R{y) > 


so 


1. Applying § 2-13 to (1), with a > 0, we obtain 

f{x) =e“‘‘®a;i*’J^(2^a:)=3pe“‘/<*’+“y(p + a)'’+^ 

pi ( 1/p) y{pa + 1 )' +1, 

a'+i (p + l/a)''+i 
c=e~^‘+i>^®a“i<^‘'/„(27</a), 


(2) 

(3) 

(4) 

(5) 


by aid of the list and §2* 13. Hence by §5-153, (2) and (5) above, 
we have 


a I e-^^J^{2sJxt)Jv(2Jx)dx~e-^^^^^f^I^(2^tla), (6) 

Jo 

with i?(v) > “ 1 for convergence at the lower limit (see 2° § 8, 
Appendix III). Substituting^ for a, t for x, and a for t in (6) we 
obtain 

J,(2j^)J,(2^t)zae-^«+^m,{2Jajp) (7) 

R{v) > - 1. Writing 2Jx=v, dx-vdvj2, and for t in (6) leads 
to 

a[ {v)vdv = 2e-^^+^'>l'‘I,{2tla), (8) 

Jo 

R(v) > - 1, which is Weber’s second exponential integral. 
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5*161. Example illustrating introduction of variable para* 
meter. 

poo 

Evaluate /= I J,{x)dxl3f->‘+^. 

Jo 

Let x = 2jat, a real>0, then dx^Jajt dt, and the integral 
assumes the form 

( 1 ) 

Jo 

Multiplying both sides of (1) by a^, we get 




a*”/, 


(2) 


Taking a = 1/p, we find from the list that 


poo 

2'’-''+io''-i»‘/=p-i’ 1 dt, (3) 

Jo 

=r(lix)pi'‘-’’ (4) 


provided R(fi)>0, R(y-^)> - I, and the order of integration, 
in the repeated integral for the L.T. of (2), is invertible.* The 
inversion can be proved valid, so interpreting the r.h.s. of (4) in 
terms of a leads to the result 


or 


2v-h+IqV-\hI _ 




2>’-"+ir(v - ip + 1) ■ 


This is known as Weber’s integral. 


( 5 ) 

( 6 ) 


* Multiplymg the r.h.s. of (2) by ae-^® and integrating with respect 
to a from 0 to + oo , wo get 

2v-M+io--i»‘/=.o e-»«> [ (* da. 

Using § 9B, Appendix III, it may be shown that the order of integra- 
tion is invertible,, so the foregoing may be written 


foo 

=/)-•' Ip aa in (3). 
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^00 

5*162. Example. Evaluate / = 1 < sin af dtj{\ + 1^), a real >0. 

Jo 

Taking a= 1/p and replacing sin at by its L.T., we get 
rtsinai f” Ppdi 

Jo Jo (l+t^)(p^ ^ ^ 

provided that the order of integration in the repeated integral 
corresponding to the r.h.s. of (1) may be inverted. This step 
can be proved valid,* so we resolve (1) into partial fractions 
thereby obtaining 





(2) 




(3) 


1 P 1 

«= Itt c= o7rC“® 

^ p+i ^ 

(4) 

Hence 

f * t sin at , 

J. 

(6) 


e~* dx/x, 0<t<oo . 


5*21. Expansion of- Ei(-t) = I 

From the list we find that f 

-.£;»(-<) =»log(p + l)=logp(l + l/p)=logp + log(H- 1/p), ...(1) 

, ( 2 ) 


1 


logp+^ 2p**^ 3p® 


the series being absolutely convergent if | p | >. 1 , a condition 
which can be satisfied. Interpreting (2) term by term by aid 
of the list, we get 


t<‘ 




.M(-t)= -y-logt + t-^ + ^- ... . (3) 

= - y -log t - (- ly t^/r , r! (4) 

r=l 


* Using analysis akin to that in 3® § 10, Appendix III. 

I The L.T. of -Ei(-t) is found by applying theorem 12, §2*23. 

foo fp 

Then since -=>p/(p + 1), we have dxjx = | ^ dpKp + 1) = log (p + 1). 
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The series in (4) is uniformly convergent in any finite interval 
O^t^h, so the conditions in § 2-18 are satisfied, and term by 
term correspondence is valid. 


*5'22. Expansion of J„(2aVt)Jp(2b7t) in terms of Bessel 
functions. 

Prom the list 

J,{2ajt) J,(2bjt) = e {2aA/p), ( 1 ) 

.B(i^)> - 1, a and 6 real>0. Now 

c~(“’+'’*)/*’/„(2a6/p) 2 (a6/p)*’+^7^!7’(p + 1), ...(2) 

r=0 

whilst t''^^J^(2cJt)=iC^p -»’e -c*/p ( 3 ) 

Interpreting the r.h.s. of (2) term by term using (3), we obtain 


00 / ^2k2f 


1 


2 ^.+2r[2V<(a2 + 62)] 


r!r(v + r + l) ’ 
the term by term correspondence being valid, since the con- 
ditions in § 2- 18 are satisfied. Writing for both a, b, and 
t for in (4), we find that 

r{atJ-2) 

{2J2J r\r(v + r + l)' 




iai)= Z 

r=0 \ 


( 5 > 


*5*23. Expansion of pe“'’'^'’’+*7'/p2-i-a2 in terms of K^(bp). 

From the list 

(26)M+i/2jn(^ + l) 


(<2 - b^Y 


K^^iibp), (1) 


•( 2 ) 


t>b, b real, R(fi)'^ Now 

' ' r=o' ’ r!P(v-Fr-i-l) 

so it follows from (1) that 

1 V/ a‘'+*’'6*^''+*’+"r{iv + r + l) ... 

r!r(v-fr+l)(2p)i'’+"-i/2'®'‘’’+’'+‘^^^’ 
R{v)>-\. The series in (2) is absolutely and uniformly 
convergent in b^t^h, whilst series (3) converges absolutely, 
thereby satisfying (a), (6) in § 2-18. Furthermore 

Jo (a-Jt^-b^) = pe-o'^^'l-Jp’^ + a^, (4) 
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so by Lerch’s theorem §§ 1-14, 1*16, if v = 0 in (3), we obtain the 
expansion 

1 00 ft2rkr-hll2 

^ rfo ^ r\ {2py-U^ (6) 

*5’24. Expansion of J„(u) in terms of Laguerre poly- 
nomiais. 

Prom the list, when o is real and > 0, 5 (v) > - 1, 

(1 - 1/y)”, (1) 

so t'’ S (Va)i-e“J,(2V^), (2) 

„=or(i'+»+i) p'’ 

or = (3) 

Writing a = 1 and t — lu^ gives, with iZ (v) > - 1 , 

(4) 

The analysis is valid, since the conditions in § 2* 18 are satisfied. 
This should be confirmed by the reader. 

^5-25. Expansion of cos(t~^ii) in terms of Laguerre 
polynomials. 

Prom the list and (4) § 2-11 

L2n(2^)=D(l-2/^)r (1) 

By (2) § 2*13 and (1) above 

e-‘La„(2t)=.^ (PzlY'" pin (2) 

’ p + l\p + l/ p + l'^ ’ ' ' 

where fi — (p-l )l{p + 1 ). Thus 

e-‘ I! {- l)«L,„{2t)^^ (1 - + pi -p<^ +...), (3) 

- P I 1 \ _ PiP + ^) /4) 

p + i\i+^y 2(p^+i)’ 

provided | j3 1 <1 for convergence. Interpreting the r.h.s. of 
(4), we get 

pi p 

*2(p2 + l)‘^2(p» + l) 


^(cos < + sin t) 


( 6 ) 
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Hence by (3) and (6) 

cos(<-H = '/2e-‘ i (-l)»L^„{2t), (6) 

n=0 

the conditions in § 2- 18 being satisfied. 

*5’26. Expansion of sin t in terms of Weber’s parabolic 


cylinder function. 

From the list 

e**D^„^i(j2t)=>^/^{2n + l)l(llp - l)«/2”»! Vi?, (1) 

so 

= ^/7^ 2 (-l)"(l/p -!)"/»! (2) 

n=0 

= (3) 

~e sin 2Jt (4) 

Writing t for 2Jt in (2) and (4), we have the relationship 

‘“■"‘i.* - ‘ <“> 


the term by term correspondence conditions in § 2*18 being 
satisfied. 


*5*27. A formula of Poisson [ref. 10]. 

We commence with the long established formula 

u coth 1 ^ = 1 + 2^2 27 l/{u^-j-7T^n^) (1) 

n=l 

Substituting «= 77 in (1), we get 

Trjp cothiTjp = l+2 2 p/{p + n’‘), (2) 

n—1 

esl+2 2e-”'* (3) 

W=*l 

from the list. The r.h.s. of (3) converges absolutely and uni- 
formly in if <i>0. 

Also coth7t=- -— —(1 +e~^“)(l (4) 

= l-f-2 f e-2”«, (6) 

n=l 
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provided B{u)>0. Thus 

njp coth ttJp =itJp fl + 2 ^ _ (5) 

•- »=i 

1 + 2 2 (7) 

L n=l -J 


the term by term correspondence in (6), (7) being valid, since 
the conditions in § 2* 1 8 are satisfied. Hence by Lerch's theorem 
§§ 1*14, 1*16, (3) and (7) are identical, so 

1 + 2 f e-«’‘ = V^ri+2 f e-”w1, (8)* 

n=l L. n^i J 

t being real and >0. The result holds for 1?(^)>0 also, if t is 
complex. 

*In Math, and Phys. papers y Vol. 2, Article 72, Kelvin gave the 
more general formula 

s = n / w 7 [1 + 2 ^ 

n--oo ' L «=1 J 

See also Heaviside, Electrical Papers, Vol. 1, p. 88. 



VI 


DERIVATION OF LAPLACE TRANSFORMS OF 
VARIOUS FUNCTIONS 


6*1 1. In the course of mathematical analysis during the 
past century or more, many infinite integrals akin to (1) § 1*11 
have been evaluated without any regard to their being Laplace 
transforms. The infinite integral is a standard type employed 
in integrating various functions. 

The L.T. of a function is not always obtained by direct in- 
tegration of (1) § 1*11. It is frequently expedient to employ 
various artifices to simplify the analysis. Sometimes an 
approach via the complex integral part of the Mellin inversion 
theorem (Appendix IV) may be preferable. When the L.T. of 
a function has been found, other L.T.S. can be derived from 
it by aid of the theorems in Chapter II. In what follows, 
we shall illustrate several methods of obtaining L.T.S. For 
additional information respecting the derivation of various 
L.T.S., the references on p. 212 marked* and those in [13] 
may be consulted. 


6*12. Example. Find the L.T. of log t, E(v)> -1. 

By § 1*12, we have 

p{ ( 1 ) 

•'o 


R{v) > ~ 1. The integral may be differentiated under the sign 
with respect to v, since the resulting integral converges uni- 
formly with respect thereto (see § 12JS, Appendix III), so 


Thus 


,.,t 

p log t [^ ( 1 + v) - log y], (3) 

Ir 


t By § 1*2 11 the integral is absolutely and uniformly convergent if 

-R(v)>-1. 
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where i/t=r'jr=^logr{l+v). When v = 0, we have the par- 
ticular case, with y= (l) = 0-5772 ... , 


log«= -y-logp, (4) 

or log (l/<) = y + logp (5) 


Differentiating (2) with respect to v, and writing 
[i^ ( 1 -I- v) - log p] = X. gi ves 

poo 

p\ tdt 

with i? (i/) > - 1 . Since 

{fj—F^jr and ifj' {\ -\ v)* 

(6) leads to 
iog2 tir{\^v) 

=D{[0{l-fp)-log2>P + C(2, v)W = [x^-V^{2, v)]lp\ ...(7) 
In particular if v = 0, (7) gives 

log^^ =3 (log p + y)^ 4- 77^6 (8) 

with 77^/6 = ^(2, 0) == 02 . 

Differentiating (6) with respect to v, we find that 
t^\ogHir(l-\-v)^[x^ + ^{2, r){2x - log ^}- 2^(3, v)]lp^, ...(9) 
ll{v) > - 1 . In particular with v — 0, 

log3«= - (log p -t- y)® - ^ (2y + 3 logp) - (10) 

where 2(73 = 2^(3, 0)~7r®/12-89718 ... . 

6*13. Example. Find the L.T. of sinh-‘ L 

J 

Now T-sinh"^ < = l/Vl +<*, and from the list 
at 

f e-»>‘d</VrM*=^[Ho(p) - Fo(P)] (1) 

Hence by (4) § 2* 16 

sinh-i<=9^77[Ho(p)- Fo(P)] 

* See [13] for definition of the Zeta function {(p, t). 


( 2 ) 
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6*14. Example. Find the L.T.S. of (o) erf (b) /o(0- 

(a) erfv^<=— I e“® d* 

■Jit Jo 

By §^12A, AppendixUlI, 


By (3) § M2 




1 _r(i/2)vp_ 


Jnt > 

Applying (2) § 2-13 to (3), we obtain 

+ i ^pj'Jp + 1 (4) 

Hence by (3) § 2-15 

f e-* dtl’j7rt=&ti Jt^lj-Jp + l (6) 

Jo 

This result may also be obtained by expanding e“®’ in (1), 
integrating term by term and substituting the L.T.S. 


(6) do(^)=^(-lr{i^W)^ 

r=0 


SO Jo{t)^P fe-^’T ^ ( - initn{r\)Adt (7) 

Jq ^r=0 -* 

It can be shown that the series in (6) is uniformly convergent in 
the range (see § 6, Appendix II), so by § 2-18 

J,{t)=>p i ( - 1)^ r dt, (8) 

r=0 J 0 


= f (-IP- =.1+ ..(9) 

^ 22>-(r!)V ^ 2’-r!p*’- ’ 

=P/n/p* + 1. (10) 

The reader should confirm that conditions (a), (b) § 2*18 are 
satisfied. We may also write 

joW=/o(<)= ^ (11) 

r-O 
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6*15. Example. Obtain the L.T.S. of 

ber„ and bei, Jt, i?(v)> - 1 . 

From the list 

( 1 ) 

For a write Ji®, and we get 

iZvl2pilAp fii/Ap)+l ni 

m 

Thus (ber„ Jt + i bei, Jt) 

= (2S-[““ (^ + 1'*) ® 

provided the infinite integral of type (1) § 1-11 corresponding 
to (2) converges (see 5 § 8*2). This is easily proved to be true 
if i?(i/)> - 1, so separating real and imaginary parts in (3) — 
assuming v real and p real >0 — we obtain 

ber. (^ + ^v7r) (4) 

and i-/® bei, sin (^ + 1 vtt) (5) 

In the particular case when v = 0, we get 

ber ^^=DCos (l/4p), (6) 

bei ^t=>sin (1/^p) (7) 


Expanding the r.h.s. of (6) and interpreting term by term, we 
have 

ip ^ (2r)! ,fo 2®>-[(2»‘)!]® ^ ^ 

Term by term correspondence in (8) is valid, since the series 
in p is absolutely convergent, whilst that in t is uniformly con- 
vergent in any finite interval O^t^h (see §2-18). Consequently 
the r.h.s. of (8) is the expansion of ber JL Changing Jt to t 
gives 

ber«=^ {-inW^/[{2r)\Y (9) 

r=0 

In like manner it may be established that 


heit=^2 l)"(l«)^^+V[(2r + 1)!P. 

r=0 
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*6*16. Example. Given that 


t7o(oN/<* + ® ^ >0> 

obtain the L.T.S. of 

By definition (2) § 1-31 and the given L.T. 

p r e-p* Jo + a'« (1) 

h 

Diiferentiation under the integral sign with respect to b is per- 
missible, since the resulting integral is uniformly convergent 
(see §§ 12, 13, Appendix III), so we have 

p f = - e-Wp*+<.») (2) 

h Jt^-b^ ab ' ' 

c= J j {as/t^-b^)lJW~~b^ (3) 

Differentiating (1) under the integral sign with respect to a, 
leads to the result 


P 



^-b^J^{aJt^-b^)dt 


(p^ + a*) 


(6 + 1/s/p* -t-a^). 


= s/«*-6*Ji(as/<*'-6*). 


( 4 ) 

( 5 ) 


Dividing (2) throughout by p and differentiating the r.h.s. 
with respect thereto, by (4), (5) § 2-17 we get 


^ Ji(a>/<^-g ) ^p r_^ _ (6) 

The termpe”^^ in (2) and (6) is the L.T. oiI(t- 6), the impulsive 
function of unit strength which occurs at ^ =6 (see § 2-19). In 
each case it is neutralised by an equal but opposite term in the 
expansion of the second fimction in brackets, since neither of 
the Bessel functions in (3) and (6) is impulsive. The reader 
should prove the validity of all three differentiations under the 
integral sign. 



DERIVATION OF LAPLACE TRANSFORMS 121 

^6*21. Derivation of L.T. from the functional differential 
equation. 

The L.T. can be derived from the differential equation for the 
function f(t), although this is not necessarily the most direct 
and facile mode of approach. In fact in certain cases it may be 
cumbersome and protracted, e.g. that illustrated in § 6*23 et 
seq. Nevertheless we shall exemplify the technique, as it may 
be a useful alternative sometimes. In effect it constitutes a 
method of solving ordinary linear differential equations with 
variable coefficients. 

The equation to be solved will usually have coefficients ex- 
pressible as polynomials in terms of the independent variable. 
Let it take the form 

!7o(<)§ + SriW^+ ... +!7„(%-0 (1) 


where gr{t) is a polynomial in t. As in Chapters III and IV, 
we replace each term in (1) by its transform. With the above 
equation, having variable coefficients, it is preferable to omit p 
outside the integral sign in (1) § 1-11, and as in § 2*144 to define 
the transform thus : 




= [ e~^hj{t)dt (2) 

•^0 


Formulae (3) § 2*144 and (l)-(3) § 2*171 are needed to construct 
from (1) what may be regarded as its transform equation. 


Example. Derive the L.T.S. of sin t and cos t from the 
differential equation for the circular functions. 

The requisite equation and its formal solution are, respec- 


tively, 

dHj 

= sin ^ 4 -jB cos ^ (1) 

at 

Employing (3) § 2*144 with y(t)'^0(p), we have 

^^^-=p^0-py{O)-y'{O) ( 2 ) 

Hence by (1) and (2), the appropriate transform equation is 
p20 - py (0) - y'(0) + ^ = 0 (3) 
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Now when 2 /= 8 in<, y{0) = 0 and t/'(0) = cos(0) = l, so (3) re- 


duces to 

+ 1)0 = 1, (4) 

or 0 = l/{p^ + l), (6) 

giving amt=o(f)(p)=zp0=p/{p^ + l) (6) 

When y = cos i , ?/ (0) = 1 , «/' (0) = - sin (0) = 0, so (3) yields 

{p^ + l)0=p, (7) 

or Goat=>p0=p^l{p^ + 1) (8) 


This analysis should be compared with the procedure in § 2'181. 
By altering the sign of the first y in (1) above, the L.T.S. of 
sinh t and cosh t can be obtained. 


*6*23. Example. Obtain the L.T. of the modified Bessel 
function of the first kind of order v, from the appropriate dif- 
ferential equation. 

The equation in question is [see 11, (1), p. 102] 


^ 1 
dt^ t dt 



( 1 ) 


If V is non-integral, two linearly independent solutions are 


±’'^^~,roHr(±v+r+i) 


(2) 


while an alternative second solution is 


KAt) = 


sin V7T 


[/_,( 0 - 4 (<)]. 


(3) 


When v=^n, an integer, is not an independent solution, 

since In=I-n- The second solution is then Kn(t), the limit of 

(3) as v->n. 

First we write (1) so that all the coefficients involve positive 
integral powers of t, thereby obtaining 

. + + = W 

By aid of (3) § 2-144 and (1), (3) § 2-171, the transform terms of 

(4) are found to be, 

t^^-=p^0'' + 4p0' + 20, 


( 6 ) 
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<2^ ~P<>' (6) 

-Py-z>-0'' , (7) 

— v^s —v^0, ( 8 ) 

the dashes signifying differentiation with respect to p. Adding 
together the r.h. sides of (5)-(8) and equating to zero, we 
obtain the transform equation 

(p^-l)0" + Bp0' + (l -v^)0 = O (9) 


*6*23 1 . Solution of (9) § 6*23. 

Let 0=xlu, where x is a twice differentiable function of 


i 

1 1 

II 

Then 






(10 

1 dx 

xp 

1 

~dx 

xp-^ 


dp 

% 


u 

jdp 

u^\ 


d^0_ 

1 d'^x 

2p 

dx 

X 


^2^ 

dp^ 

u dp^ 


dp 


J 



Substituting from (1) and (2) into (9) § 6*23, leads to the 
equation 

+ = 0 (3) 


dp^ ^ dp 


Now write cosh w, and 
dx 1 dx d^x 


1 d^x cosh w dx 


(4) 


dp sinh dw^ dp^ sinh- sinh^zi; dw 
Substituting from (4) into (3), gives the elementary equation 

d'X 2 A (K\ 

, 

of which the formal solution is 

( 6 ) 

Since — cosh log and 0~xj\lp^ - (6) be- 

comes 

B 

_ I - l{p + sjp^ - 1)*' ’ 

SO <f)(p)=p0(p) 

_ Ap Bp 

Jp^- + 1)“'' slp^- i (p + N/^^- 1)*' 

where A and B are arbitrary constants. 


^ Ajp + slf-iy ^ 


(7) 

( 8 ) 
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*6*232. Determination of B in (8) § 6*231. 

The series for in (2), § 6*23, may be derived from that 
for /.(<) by writing - v for v. Apart from A, B, the two linearly 
independent solutions in (8), §6*231, are mutually derivable 
by the same change. When t is small, if we let p -> + co as in 
1° § 2*31, the second member of (8), § 6*231, yields 

B{2p)-y<=B(\trir{\-Vv), (1) 

by (3), § 1*12, provided R{v)> -1. If B = l, the r.h.s. of (1) 
is the first term in the expansion of /,(<)• Hence we infer that 

- 1 (p + s/p* - 1)', (2) 

provided R(v)> - 1. The A member in (8) § 6-231 may be 
treated in a similar way. 

Although In{t)—I_n{i), n a positive non-zero integer, owing 
to the above restriction, I^n{i) has no L.T. A similar remark 
applies to 

'^ 6 * 14 . The LT. of Kp(t), a second solution of (I) § 6*23. 

By (3) § 6-23 and (2) § 6-232, w^e have 

K (t) = ^ — 7---- ■ r — ^-1 • • • • ( 1 ) 

In (2) § 6-232, R{v)'> - 1, so the first bracketed member in (1) 
holds for i2(v)<l only. Consequently the range for the com- 
plete formula is --1 <jB(v)< 1. When v — Q, (1) assumes the 
indeterminate form 0/0. Writing (1) as 

and differentiating the numerator and denominator indepen- 
dently with respect to v, we obtain 

ttv 1 - , , 

(p + v'p^ - 1) 

+ (p-f \/p*- l)"' log (p + n/p® - 1)]. ...(3) 
Substituting v = 0 in (3) gives 

^0 (0 log {P + n/p^). 


(4) 
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This result may also be obtained by aid of the relationship 



*6*25. The L.T. of iv(t) obtained by the Mellin inversion 
theorem. 

A standard contour integral is [reference 12, p. 86, z and t 
being interchanged] 

e=+‘*'«*dz/z'+i (1) 

2i7T% J _oo 

which holds for all values of v and t. If R{u)> - I, we may 
write 

( 1 ty i* 

4(0 e"+'’'*Mz/z''+* (2) 

277t J c—ix 

The contours for (1) and (2) are illustrated in Pig. 18. Sub- 
stituting z + t^l4z - or z = + + J - i), we have 

dzjz^dHJ^^-i 



Fig. 18. — The contours ci/x , mid - x , 0 + , - x , which are, re- 
spectively, Br^, Br^ of reference 12. 

[ref. 12, pp. 86, 87, 815]. Consequently (2) takes the form 

4(0 ( 3 ) 

so by the Mellin theorem. Appendix IV, 

4(0='^(p) - 1 (p + \/p* - 1)'. 


( 4 ) 
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This analysis is briefer and neater than that given in §§ 6-23- 
6-232 ; a not uncommon occurrence where complex integration 
is concerned. 

As exercises, the reader should reproduce some (or all!) of the 
L.T.S. in the list. Occasionally it will be expedient to obtain 
results by aid of the Mellin theorem. In the expansion of a 
L.T. obtained from an integral like (3), in all terms of the form 
i?(i/)<l. Otherwise the corresponding contour integrals 
would diverge, e.g. there is no integral of type (3) correspond- 
ing to (l>(p)=p- The Mellin theorem is not applicable when 
[see ref. 12 , p. 159 and Appendix VII]. 


^6*31. Solution of differential equation with variable co- 
efficients by inversion. The procedure in §§ 6-22-6-232 pro- 
vides a means of solving linear equations by direct application 
of the L.T. We shall now show how to solve an equation by 
an inversion process using the L.T. Let the equation be 


du^ du 


( 1 ) 


Writing p for u, 0 for w, we obtain the transform type of 
equation 

{p^ + l)0" + Sp0' + 0=^0 ( 2 ) 

Next we get the equation in t, of which (2) is the L.T. version. 
By (5)-(8) § 6-23 we find that the equation is 

tY' + ty' + or y” +jy' +y=0 (3) 

Then by reference [11, (34), p. 7J 

y=:AJo{t)+BYo{t}, (4) 

where A, B are arbitrary constants. From the list, the trans- 
form version of (4) is, absorbing the factor - 2jn into B, 



Hence restoring the original variables, the solution of (1) is 
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*6*41. The type of function represented by 4> (p)> Many 
of the functions in the list and in reference 13 are mono- 
tonic for p real.* The L.T. of a monotonic function f{t) must 
itself be monotonic. The L.T. of an alternating function may, 
however, be monotonic, e.g. sin t=>pj(p^ + l),t Joi^) ^pj-Jp^ + 1. 
This occurs, since in both cases e-^*f(t) is an alternating func- 
tion such that any positive area between it and the t axis is 

00 

greater than the succeeding negative area. Thus U positive 

00 

areas > S negative areas. The same holds for f{t)=e^^ sin t, 
where a is real > 0, p > a. If <^(p) is an alternating 
function, it follows that/(^) alternates also, e.g. 

sin J2t sinh \/2^ =3\/7rp sin l/p ; her 2 ^^=dcos 1/p. 
Since f{(it):=^<f){pla), if the latter has an exponential factor of 
the type etc., and integral (1) § 1*11 converges when 

a is imaginary or complex, then <l>(pla) will be an alternating 
function. For instance 


^- 1/2 tt\ P 


( 1 ) 


Now (1) § 1*11 converges when /(i) — and a^=iy so 


with a — = +i), p real > 0, (1) gives 

Separating real and imaginary parts, we get 


.( 2 ) 


^ 1/2 (l/4^)=3N/7rpe~^^^^ cos Jp/2, (3) 

^-1/2 slpj2 (4) 


Another example is given in § 6*15. In (3), (4) the interval 
between consecutive zeros oi f(t) and of ^(p) increases with 
increase in t and p, respectively. Neither function is periodic, 
since it does not repeat itself exactly at a constant interval. 


* In terms of a complex variable, </> (p) is an analytic (regular or 
holomorphic) function of p in that part of the p-plane on the right of 
the contour c±icc , See Figs. 4a, 18, and Appendix IV. Singularities 
are treated in [12]. 

t A function of this type which is monotonic increasing to a maximum, 
and monotonic decreasing thereafter, might be regarded as ‘ piecewise 
monotonic *. 
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As a matter of interest, the reader should plot the functions 
on both sides of (3), (4). 

Functions involving e®/' may yield an exponential factor 
when the Laplace integral is written in a form suitable for 


evaluation. 

Thus with t=v^l^p, 


1*00 

TOO 


p 1 


....(6) 

Jo 

Jo 



— , 

....(6) 


which gives the factor 



LAPLACE TRANSFORM FOR A FINITE INTERVAL : 

IMPULSES 


7*11. Example. Find the L.T. of sin cot for the interval 
t = m7Tl(o to mrlco, n>m, both being positive integers. 

In this case the L.T. is found without the aid of special 
formulae deduced in § 7-12. Referring to Fig. 19, the function 


This part suppressed 

-A A A 

rv A A A A 

This part supprei 

^ A 

0 \J \J \j 
< '»’%) ^ 


lvalues of t 

\7 V 

(a) 

^ '^Vco 

^ A A A A 

0 

V \7 V/ v \J 

■« (n-m)n/^ 

Values oft 

(b) 


Fig. 19. — (6). — The bounded, continuous function 
/(/) = 0 I O^t^mwjoj, — 

I 

= sin cjt J mirlo} <7l7r/a>, 71 >?/l. 


must be suppressed from ^ = 0 to rmr/co, and from t — mrlco to 
+ 00 . Moving the origin to t^mirlco, the L.T. of sin cot from 


this point to -f x is, by § 2-12 and the list, 

<f>(j>\ mTr/cu, X ) = + a>^), (1) 

according as m is even or odd. Likewise the L.T. from titt/co 
to + X is 

(l>{p ; UttIco, X ) = +co^), (2) 


according as n is even or odd. The L.T. from t^mnlco to 
nnlco is the difference between (1) and (2), namely, 

^{p ; mnlcOf uttIco) = + co^), ...(3) 

according as m, n are both even or both odd. If m is even but 
n is odd, we have 

<f>{p ; mirlcoy + (4) 
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7* 12. General formulae. If f{t) is continuous in the finite 
interval we define the L.T. for the interval 

to be 

K)=P f ‘e-^*f{t)dt (1) 

•**1 

Integrating (1) by parts once, and inserting the limits, leads to 
4>{p; hi, Aa)=e-»*‘/(Ai) + f ‘e-ff{t)dt, (2) 

JAj 

provided f(t) is continuous in hi^t^h 2 . Repeating the 
process of partial integration, if f{t) and its first n derivatives 
are continuousf in hi^t^h 2 y h^^O, we find that 

<f>{p;hi, h^) = ’'2p-^[e-^hf(r)(hi) - 

r=0 

fAt 

4.jj-n+i I (3) 

h. 

When A 2 -> + oo , (3) is true if is bounded and con- 
tinuous in f^hi, for r = 0, 1, 2, . . . p>Po>0. We get 

^(p; A, 00 ) =e“»A S p-’'f^’^'>{h)+p-''+^\ (4) 

r=0 Jh 

If A =0, (4) becomes 

<t>(p)=p\ e-»’*/(<)d<= f (5) 

Jo Jo 

From this it follows that when p-> + oo, <f>(p)-^f{0), i.e. 

lim <!> (p) =/(0), provided the preceding conditions are satisfied. 

p ->+00 

Taking hi=0 and h 2 =h> 0 , in (3), gives 
^(p; 0, A) = 'Sp-'-[/(^)(0)-e-»-V‘^)(A)] 

r=0 

+p-"+i| e (<)d« (6) 


* See, for instance, Fig. 20, where /(^) = ^® is continuous in 


If the function defined by 


= 0 


1 

j t<0, t>h 


I is repeated indefinitely 


with period hf finite discontinuities occur at < = nh, n being a positive 
integer. At any point within the interval ^ = 0 to A, continuity 
rnipUes that F(^i--O), F(t^), F(ti + 0) exist and are equal. In the 
present instance f{t), but not F(t), must be continuous at the end 
points t = 0, h; so /(O-O), /(O), /(O + O) must exist and be equal, 
likewise f(h - 0), f(h), f(h + 0). 

t Continuity implies that of r = 0, 1, 2, ... n - 1. 
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Since 0, h)=^{p] 0, ao ) -(f>{p;h, ao ),from (4), (5) we obtain 

^(p;0. A) =^(p) - c-*** S -^-"+1 f ...(7) 

r=0 J h 

Writing ( 39), (4) may be expressed in the form 

<l>n(p\ K oo)=p^^(p; h, 00 (8) 

r=0 

From (6) 

<l>n{p\ 0, h)=^p-cl>{p; 0, h) - (9) 

f=0 

Adding (8), (9) we reproduce (8) § 2*14, namely, 

<f>n{p) =P^<f>{p) - (10) 

r-0 

7-13. Example. Obtain the L.T. ofF(^)=^^"10^^<A, h finite, 

= 0 J<<0, t>h. 

Now and its first derivative 3^^ are continuous in the interval 
O^t^h, so by (7) § 7*12 and (3) § 1*12, we have 

Mp; 0, 4)=lLe-.>{4» + |-* + ^) (1) 


Thus F (^) =3 ^ ( 1 - e-^^) - ^ 


3^2 6M 

h^-h — + — 

p p^/ 


and when h-^ + oo , this degenerates to 

F{t)=fit)^<f>(p) = 3\lp^ (3) 

The function 0^t<h, 1 u j 

which may be considered 

to represent an impulsive force* whose magnitude and duration 
are finite, is depicted in Fig. 20. It is finitely discontinuous at 
t=:h. The strength of the impulse, as distinguished from the 
impulsive force, is defined to be 


^F{t)dt, 

Jo 


i.e. the shaded area in Fig. 20. 

* That is to say in a practical application where F (t) is the functional 
form of a force applied to a system. 


M.O.C. 
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I 

I 

I 


F(t) 

i 




To * CO 

0 


Time t 



(image of from 

' ^ /=A to+coin time axis) 

v- 

\ 

1 

-The bounded function 

F(t) = P 1 A 

= 0 J t<0, t>h 


It is continuous in except at the finite discontinuity t^h. In 

t< 0 and ^ it is zero. 


F{t) may be regarded as the sum of two. functions, namely, 
0 < < < 00 , and y 2 ~ - h<t<oo , Moreover, the third 
and fourth members of (1) represent the L.T. of i/g, i.e. 


h<t<QO 

0}t<h 


-e-fh 


U'' + 


3^2 

P 


6/t 6\ 

“’a 3 ) 

pi/ 


(5) 


7*14. Periodic impulses of finite duration : Fourier ex- 
pansions. 

When an impulse of the type contemplated in § 7*13 is 
repeated indefinitely (see Fig. 21a), the corresponding function 
of t can be expressed as a Fourier expansion, provided certain 
conditions are satisfied [3, 4, 16]. Throughout the interval 
^ = 0 to A, the function (a) must be single valued except at its 
discontinuities where it is finite;* (6) the discontinuities, 
maxima, and minima must be limited in number. Let the L.T. 
of the zeroth period from ^ = 0 to A be <^(0, Ji ) — omitting p for 

* See 1° § 1-16. These are in effect the conditions specified in 1829 by 
Dirichlet (a pupil of Fourier) for the expansion of a function in a Fourier 
series. Less stringent conditions are sufficient [4], but those given 
above are suitable herein. 
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(a) 

(b) 





Fig. 21 (a ). — Illustrating a positive periodic function. 

(6). — Illustrating an alternating periodic function. 

(c). — Illustrating a positive periodic function. 

These functions are bounded, and continuous in t $iO. 

brevity — then that of the nth period is k). Assuming 

the necessary conditions to be satisfied, by (1) § 7*12 we have 

<^(0, 00 )=<^(0, h) Z L f 2 ...(1) 

n--0 ^ Jo -^w=0 

For the series to converge we must have | I < L and since 
we postulate i?(p)>0, this condition is fulfilled. Thus 

^(0, 00 A)/(l -e-»>'‘)=[^>|V«"/(<)d«]/(l -e-"*). (2) 

Then the Fourier expansion of the repeated (periodic) function 
is the interpretation of (2) in terms of t for the range ^>0. 
Since the period of the function is h, so also is that of the series. 
Hence the series will have the same sets of values for the 
intervals (-h, 0), (-2A, -h), ... as for the interval (0, h). 
Consequently the series repeats the function when t<0. 
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We may write (2) in the form of an integral equation for 
y{t), thus 


P 


r 

Jo 


A)/(l 




( 3 ) 


y{t) being the Fourier expansion. The simplest method of 
solving (3) is to use the Mellin inversion theorem (see Appendix 
IV). If the conditions for its validity are satisfied, we have 


2/(0 = 


27Ti 


rc-i-ico 

Jc—ioo 


0,h)dz 


( 4 ) 


The singularities of the integrand are all poles, the factor 
1/(1 contributing an infinite number of them. In 
evaluating an integral of this type, where the poles extend to 
infinity on either side of the imaginary axis, it is necessary to 
show that the value of the integral taken round a semicircle of 
radius on the left of c iioo tends to zero as . (See 

below (7) in § 7-16.) 


7* 141. Alternate impulses reversed. The zeroth period 
now extends from ^ = 0 to 2h (see Pig. 21b). The L.T. from 


fW 



r§p$ated to +« 

1 ^ (d) 

o 


h \ 


3A Time axis 



Fig. 21 {d), (e). — Periodic piecewise continuous functions representing, 
respectively, the first derivatives of Figs. 21 (a), (c). They are bounded 
in O 0. 

t = 0 to h is ^(0, h), t t from t=h to 2h is -^(0, so 

^(0, 2A)=<^(0, fe)[l-e-^^]. 


( 1 ) 
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Therefore by (2) § 7-14 

00 ) = <^(0, A)[l (2) 

=<f>{0,h)/(l+e-^^) (3) 


7*142. Impulse followed by quiescent interval. If the 

impulse from i = 0 to A is followed by a quiescent interval hi 
(see Fig. 21c), the L.T. of the zeroth period is ^(0, h + hi), 
and that of the periodic impulse becomes by (2) § 7*14, 

(f){0, 00 )=<^(0, h-{-hi)j[l (1) 

When alternate impulses of this type are reversed, we have 

<^(0, 00 )=<l>(0, A+Ai)/[1 (2) 

the period being 2{h-hhi). In the above cases and in § 7-141, 
the Fourier expansion is obtained by evaluating an integral of 
the type (4) § 7-14. 

7*15. Example. Find the Fourier expansion of a semi- 
infinite sequence of dots in the Morse telegraph code (see 
Pig. 22). This may be regarded as the ‘ Morse dot function ’. 



^ h 

<• h 



a 

± 

repeated to 

0 

Zeroth ^ 
r period 



Time t 


Fig. 22. — The Morse dot function. It is positive, and periodic piece- 
wise continuous in t'^0. Finite discontinuities occur at t — nh, n a 
positive integer. 

In the interval ^ = (0, h) the function is aH{t), while in 
f — (0, 2h) it is a[H{t) -H{t-h)\, being zero in h<t<2h. 

Now aH(t)z:^a 

and aH{t-h)^ae~'^^] ' 

so for the zeroth period ^ = (0, 2A), we have 

a[H(t) -H(t- h)]=»a(l - c-^") 2h) (2) 

Accordingly by (1) § 7-142 

(^(0, X +c“^*). 

Applying (4) § 7-14 to (3) gives 


( 3 ) 
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It may be shown that integral (4) taken round a large semi- 
circle of radius on the left of c ±ioo (Fig. 18), which meets this 
contour between the mth and (m + l)th poles, tends to zero as 
r^~>oo (see remarks below (7) § 7‘16). Then the Fourier ex- 
pansion of the Morse dot function is obtained by summing the 
residues at all the poles of the integrand in (4). The poles occur 
at 2 ; = 0, = (271 + 1 )77i, = - 00 to 00 . * Hence by the theorem 

of residues [12, p. 45], we obtain 






zh —{ 2n + l)vi 





zA=(2n+l)7ri 


^pl ^ 2 y sin (271 + l)7r^/A“| 
^l2'^nn-^o 2n + l J' 


(5) 

(6) 
(7) 


The term \a represents the mean value of the dot function. By 
appl 5 dng Dirichlet’s test [3, pp. 59, 60, 127 ; 4, p. 152] it can be 
shown that the infinite series in (7) is uniformly convergent in 
the intervals 0<t<h\ h<t<i2h\ etc. , where for convenience 
we have used an open interval. In these intervals the series 
represents a continuous function. For the first interval this 
function is + |, and for the second it is - Thus 


and 


2 ^ sin (271 + 1 ) 77 ^//! _ 1 

77 n=0 271 +1 2 

2 ^ sin (271 + 1)77</A 1 

77 n~0 271 +1 2 


0<t<h, (8) 

h<t<2h (9) 


The series is ordinarily convergent at the points ^^0, h, 2h, ... 
where it has the value zero. The dot function is discontinuous 
at these points, and is not represented by (7) thereat. 


7*16. Example. An electrical generator of resistance R is con- 
nected in series with a capacitance (7, as shown schematically 
in Fig. 23. The p.d. developed by the generator is given by 
E— Eq\ sin a)t\. If C is uncharged and the switch closed at 
t~0, E — 0, what is the current at any subsequent time? 

♦ The so-called point at infinity (| z | infinite), is a limit point for the 
poles. [ 16 ]. , 
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The differential equation for the circuit is 
1 

RI + j:^\ I dt—E^lsin a)t\, (1) 

O Jo 

/ being the current, which is a function of t. The transform 
equation corresponding to (1) is by § 3*18 

<I)(S + 1/pC)=Eq^iCzEq\ sincot], (2) 


since the system is quiescent in- 
itially. The generator wave form 
is the ‘ rectified ’ version* of sin cot, 
i.e. the first half period is re- 
peated indefinitely. The L.T. of 
sin is copl{p^ ~\-cD^)j whilst that 
of the same function commencing 
at t = 7rloj is, by § 2-12, 

Tlie sum of these functions is ^ , 

_ of simple rasistanco-capaci- 
thc L.T. of the first semi-period tance circuit. 

of sin cot. Thus 



Fig. 23. — Schematic diagram 




and by (2) § 7-14 




cop 


/] +e-^Plio\ 

1““) \l -e-””/"/ 


.(3) 

■W 


(p^ + 0)“) 

Substituting from (4) into (2), we obtain 

^ (j)* + «>2)(^)C'i? + l)\l-e-"W 

Since (5) satisfies the conditions necessary for applying the 
Mellin theorem (Appendix IV), we have 

/ - ( 1 -f c z dz 


27 Ti Je-ioo {z^-\-co^){z-{-a){l ' 


( 6 ) 


where a = l/CIt. The singularities of the integrand are poles at 
z = - a, z=^2(joni, n = - co to oo , excluding zero by virtue of z 
in the numerator. Owing to the factor (1 there are no 

* In an electrical sense, the p.d. being unidirectional but pulsating. 
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poles due to ( 2 ® + co*). 
the pole 2 = - a, is 


Omitting Eqc^IR, the contribution from 


— a c ^ ^ 1 + 
(co2 + a2) \l - 


( 7 ) 


In order to evaluate (6) along the path c db ioo , when there is an 
infinite number of simple poles, we take a large semicircle of 
radius r^n on the left of c ±ioo , which meets it in two points 
between the mth and (m4-l)th poles on either side of the 
imaginary axis. Then if we imagine m and to ->qo , it can 
be shown that the contribution to the integral from the semi- 
circle ->0. Thus the contribution from c±ioo is the sum 
of the residues at the poles. Hence by the theorem of 
residues [ref. 12] the contribution from the poles at 2 = 2ct>m, 
n = - cc to 00 excluding n = 0, is 


2' 

00 




=- f' r 

=-^r 

77'n=l L< 


(z* + w*) (z + a) ^ ( 1 - e 

e^‘z(I +6-"^'“’) 1 

(z* + to*) (z + o) 

gltonM 


•(8)t 


z>=2(imi 


'z—2u}ni 


^-2o)nii 4:Ojni 


( 1 - 472 , 2 j ^ 2(x)ni) ( 1 - (a - 2(joni) 

sin 2ojnt - 2con cos 2a}nf\ 


+ 4ta)^n^ J ’ 

sin {2a}nt - tan-^ 2o}nCR) 


...(9) 
]. ...( 10 ) 
..( 11 ) 


7Tn=l \4»* — 1/ L 
_ 8C'J? * ^ n si 

IT V(1 +4to*/i*C'*i2*) 

Adding (7), (12) and inserting the external factor <oEJB from 
(6), the circuital current is given by 


.( 12 ) 


T—W.,,n\^y.( ^ ^ (2to/ii - tan-* 2(onCB) 

~ '-rtn-i \4»* - 1/ J{1 + 4to*»*C'*i2*) 

^—tlCR ( 1 4 - ^nfcoCR^ 

“(l+to*C*.B*)(l-e>'/“ 

The modulus of each term of the series in (12), (13XX/(4n* - 1), 

♦ See footnote to § 7'16. 
t The daeh on B implies omission of n= 0. 
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where ^ is a constant independent of t. Now K E 1/(4ji* - 1) is 

00 

convergent, since S is convergent. Hence by the M test 

in 2° § 6, Appendix II, the series is absolutely and uniformly 
convergent for all t, and represents a function continuous in 
f > 0. This series is the Fourier expansion of the current wave 
after the transient has died away (in a practical sense). The 
transient is represented by the second term (with exponentials) 
in (13). Due to the presence of (7, the current is ultimately 
alternating in character, there being no unidirectional com- 
ponent. 

7-17. Repeated impulses of infinite amplitude. If an im- 
pulse of the type considered in §2-19, where AI(t)^Ap, is 
repeated at interval h (see Fig. 24a), then by (2) § 7*14 the 
L.T. is 

<l>=Ap/{l-e~^^) ( 1 ) 


7o + 00 



7 * 0-00 


Fig. 24 (a). — Illustrating an impulsive force of infinite amplitude, but 
finite strength, repeated at interval h, 

(6). — As at (a) but alternate impulses reversed. 

If alternate impulses are reversed (Fig. 246), the L.T. of the 
zeroth period <=0 to 2A, is by (1) § 7*141, 

^( 0 ; 2h)=Ap{l-e-^^), 


( 2 ) 
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~ being the L.T. of the reversed impulse at ^ = A. Thus 

by (3) §7-141, 

<f>~Apl{l 4-e--*’^) (3) 

Neither (1) nor (3) can be interpreted as a Fourier expansion, 
because the contour integrals corresponding to (4) § 7-14 
diverge. When, however, either of these L.T.S. is used on the 
r.h.s. of a transform equation like (2), §3*11, and the l.h.s. 
has one or more terms of the type the <!> so obtained 

is interpretable as a Fourier expansion, since the corre- 
sponding contour integral is convergent. 

7*18. Example. A heavy mass m rests on a frictionless hori- 
zontal plane. Commencing at ^=:0, a series of unidirectional 
blows each of strength A is imparted to m at interval A, by 
means of a hammer. What is v the velocity of m at any time 


^>0 ? 

The differential equation of motion is 



where represents the sequence of impulsive blows. By 
(10) § 2-14 and (1) § 7-17, the transform equation for (1) is 

mp(f>=Apl{l (2) 

where and A represents the strength of the impulse 

of infinite amplitude. Thus 

^ = (3) 

and by (4) § 7'14 

P*°°e*‘dz/z(l -e-**), (4) 

hlTl J c— 100 

= 


on evaluating at the poles of the integrand in (4) [12, pp. 48-60], 
Formula (6) represents the ‘staircase ’ function which is depicted 
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in Fig. 25a. This will be understood more readily by consider- 
ing the expansion of (3), namely, 

<^=:r™(l + ...) (6) 

^ m 





<— h 

repeated fo + oo 




y" ' 
y 
y 
y 



Aj^ 

♦ 


(a) 

-u,= Atjmh 

aJiti 

y ' 
y 

e. 




0 

1 Time t 



Fio. 25 (a). — The ‘ staircase ’ function, which is piecewise continuous, 
being finitely discontinuous at ^ = n/i, n a 7 )ositive integer, but unbounded 
at infinity. 

( 5 ), — ^The bounded ‘saw-tooth’ function which is periodic piecewise 
continuous in f ^ 0. 


Term by term interpretation yields 

V (t) - - [H(t) + H{t-h) + H{t- 2h) + ...] (7) 

fTh 


The first term is the unit function with amplitude Ajm ; the 
second is identical but commences at t~h; and so on. The 
superimposition of the unit functions results in an unending 
staircase. The equation of the straight line through the lower 
corners of the stairs is 


Vi=: 



(8) 


i.e. the first term in (5). Removing that portion of the stairs 
above this line and plotting it as shown in Fig. 256, we obtain a 
saw-tooth wave form, whose Fourier expansion is given by the 
part {Ajm) { } in (5). Applying Dirichlet’s test [3, 4] it can 
be shown that the series is u.c. in 0 < t < 6 ; h < t <2h ; etc. In 
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these intervals the series represents the continuous functions 
1 S sin 27rntlh _ / 1 t 


n KJiXi ^ntvvjiv /I , 

^ o-I > 0<t<h, 
TTn^l ^ \2 h! 


4-A 

V2 h)' 


h<t<2h, 


..(9) 

( 10 ) 


and so on. 

At 1 ^ = 0, A, 2h, ... the series is ordinarily convergent and has 
the value zero, but the function is discontinuous. A /2m is the 
mean value of the saw-tooth wave. 

7*19. Example. An electrical impulse generator of resistance 
R is applied to the quiescent circuit of Fig. 26 as - 0. If the 

impulses, of the type in § 7*17, are 
always positive and occur at interval 
h, each having strength A (whose 
dimensions are voltage x time), find 
an expression for /j, the current in 
inductance L. . 

The p.d. across PQ is 



whilst 1 =1 1 +I 2 (2) 

The transform equations corre- 
sponding to (1), (2) are, by §3-181 
and (1) §7-17, 



Fig. 26. — Schematic dia- 
gram of electrical circuit with 
impulse generator of resis- 
tance R, 


Ap 




.(3) 

.(4) 


l_e-3.A -T 

(f>-<l>l+<f>2, 

where / =3 =3^1, and /j =3^2- Solving (3), (4)takingo= l/CR, 

b = llLG, b>a^l4c (for an oscillatory circuit), we obtain 

(AILCli)p 


^1=7 


(p* + op + 6) (1 - e”*’*) ’ 

so by Appendix IV 

{AjLCR) e^^dz 

2iri Je_ioo +a« + 6) (1 - e-**) ’ 




(6) 


.( 6 ) 



LAPLACE TRANSFORM 


143 


Since the integrand has ‘ simple ’ poles only, the condition for 
validity of the theorem of residues is satisfied (see below (7) 
§ 7-16) and its application leads to 


Ix = 


LOR 


g-iai gjjj _ g-ia(t-A) gjjj k{t + h) ^ 1 


^(1 ^gflA _ 2el«* COS kh) 

^ sin i2TTntjh 

VI \ 


bh 


+ 2h Z 


^ , bh^ - 


n=l [(6A2-47r2n2)2_|_4^2^2a2^2]l/2 


...(7) 


where k~Jb -a^j4k. The first member on the r.h.s. of (7) re- 
presents the transient which dies away rapidly. The term 
A jRh represents the constant unidirectional current which in- 
creases with decrease in h and vice versa. This and the third 
member represents the Fourier expansion of the current in L, 
when t is large enough for the transient to be neglected. The 
Fourier expansion for the alternating current in L is given by 
the infinite series alone. By applying the M test as in § 7* 16, it 
can be shown that the series is absolutely and uniformly con- 
vergent for all t. Hence the current is a continuous function 
of t in the range t ^ 0. There is a sinusoidal current having the 
frequency of repetition of the impulses, namely, 1/h, It is 
accompanied by an infinite series of harmonics whose fre- 
quencies are integral multiples of l/h {n = 2, 3, 4, ...). More- 
over, all frequencies are independent of the circuit constants. 
The amplitudes and phases of the currents are dependent, 
however, upon a~l/CB and b — ljLC, The amplitude of the 
harmonic of frequency 2n/A is a maximum when 

a r. \h^ -f 47r2n2 (LIE)^]l^7T^n^L (8) 

If alternate impulses are reversed, the zeroth period being 
^ = (0, 2h), the current in L is 


. _ A sin sin + A) 

^ ~~ LCR L A; ( 1 + cos kh) 


® sin {{2n + l)7r^/A -}- tan”^[6A2 - {2n + l)V]/[(272. -f 
'-2h ^ 


n~0 


{[6/i2 - (2n + 1)*7T*]® + {2n + 1) 


l)7raA]}” 


(9) 
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In this case there is no unidirectional current, while all the 

* 

harmonics are odd multiples of the repetition frequency, 
namely, 1/2A. The amplitude of the harmonic of frequency 
(2n 4- 1)/2A is a maximum when 

(2n-h l)27r2(L/i?)2]/(2n + (10) 

The reader should verify all the results in this section as an 
exercise. 



FOREWORD 


The appendices which follow are intended for readers who 
may be unacquainted with (a) Heaviside’s unit function, 
(6) various definitions and theorems pertaining to infinite 
series and infinite integrals. They should be helpful to the 
technologist in particular, since his College curriculum is 
usually conspicuous for its lack of these mathematical essentials. 
To economise in space, proofs of the theorems are omitted, but 
will be found in references [3, 4, 6, 7, 8, 16]. The subject 
matter of these appendices is important in dealing with the 
Laplace transform and its applications. 

Many of the infinite series and infinite integrals encountered 
in solving practical problems fulfil the necessary conditions for, 
(a) term by term differentiation and integration, (6) differentia- 
tion and integration under the integral sign, (c) inversion of the 
order of integration in a repeated infinite integral. This is 
doubtless due to the physical nature of the problems solved. 
A potential difference applied to one end of a long unloaded 
submarine telegraph cable, causes a current to flow in the 
cable. If a convergent series can be found to represent the 
p.d. at any point of the cable, it appears extremely likely that 
term by term differentiation of this series will lead to a formula 
for the current. This is merely intuition, and not mathematical 
proof. As stated in [ref. 8, p. 130] intuition in mathematics 
is sometimes false. If a costly design is based upon intuitive 
reasoning, the results may on occasion be disastrous. Accord- 
ingly it is inadvisable to trust to luck and make tacit assump- 
tions regarding series and integrals. The appendices which 
follow will enable the reader to ascertain whether or not 
the necessary conditions for validity of various operations 
mentioned above are satisfied. Moreover, it will be possible 
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to deal with the analysis mathematically and, therefore, logic- 
ally, whilst intuition may serve as a guide. 

It may be remarked that the conditions stipulated for con- 
vergence of series and integrals are usually sufficient. There 
are, however, cases where a condition may not be necessary. 
Instances are given in footnotes. 
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HEAVISIDE’S UNIT FUNCTION H{t) 


This is illustrated graphically in Fig. 27a. It is zero when 
<<0, unity when <>0, but finitely discontinuous at < = 0, where 
it has no definite value. If a function /(<) is multiplied by 
H{t), the part from t=-<xi to -0 is suppressed, whilst that 
from <=+0to +00 is retained. Thus 

costH(<)=:cos<'l 0<f< + oo , i.e. <>0, 

= 0 I -oo<<<0, i.e. <<0 (1) 




1 


(a) 

Time t 




=>e 


^ph 


Time t 


To+oo 

(b) 


Fig. 27 (a) (6). — Illustrating Heaviside’s unit fimction with origin at 
(a) t — O, (b) t = h, where it is finitely discontinuous and has no definite 
value. The thin vertical line (conventional) is not part of the graph. 


When the origin of H{t) is moved to the point t = h (real), 
we write 

H{t-h) = l 1 -f- 00 , i.e. t>h, 

= 0 J - 00 <t<hy i.e. t<h (2) 

This is illustrated in Fig. 276. Application to the Bessel 
function of the first kind of order zero gives 


J^(t)H{t-h) = Jo{t)U>h, 

= 0 }t<h (3) 

Here Jo(^) is obliterated from - oo to (6-0). If we write 
Jq {t-h)H(t- 6), the origin is moved to t=h for both functions, 
and the Bessel function commences at t=h with the value 
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Jo(0) = l. These two cases are illustrated in Kgs. 28a and 
286, whilst cos {t-h)H{t-h) is depicted in Kg. 29.* 



vp> + l '0 

which is finitely discontinuovia at < = A. 


(6). — ^The B.F. Jt{t-h)H(t-h)=> e~^^pl‘Jp^ + 1, finitely discontinuous 
at t=h. 




■V Cos(t-h)H{t-h) ^ 

\h+nl2 

0 

t axis 


Fig. 29. — ^The circular function cos (t-h)H{t-h) = + 1 )» 

which is finitely discontinuous at 

By virtue of the discontinuity at #=0, H(t) cannot be dif- 
ferentiated there, although a number of writers on technical 
mathematics have made well-meaning attempts to do so. In 
applications the procedure employed frequently leads to correct 
results, but even mathematics is not free from flukes. 

It may be remarked that £r(<)=sl, and that 

* Additional examples will be found in reference 12, pp. 164, 166. 
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CONVERGENCE OF INFINITE SERIES 

I. Let «o(0> ••• Unit), , be functions of the real 

variable t, e.g. u„(t)=t”l{2n)\ Suppose that for any finite 
value of n we can represent the function 8 (t) by a sum of (» + 1) 


terms of the form 

-S'(0=«o(0+%(0+«2{0+ - +Un-lit)+It„it) (1) 

= Sn(t)+B„it) (2) 

00 


Then if the infinite series 2 u^(t) converges to S{t), Bn{t) is 

m— 0 

called the remainder after n terms. The necessary and suffi- 
cient condition* for convergence of the infinite series to S (t) is 
evidently that 

lim (3) 

n->oo 

Alternatively, given any positive number c, however small, we 
must be able to find a positive integer N such that 

\Jin{t)\ <e, (4) 

whenever n>N, The integer N (made definite by being 
chosen as small as possible) will usually depend upon t as well 
as upon €. 

»• 

2. A series which does not converge is said to diverge. It 
may diverge definitely to + oo or to ~ x , or it may oscillate 
over a finitef or an infinite range. For instance the well- 
known geometric series 

S(t)= = + ... ... , (1) 

n =0 

♦ A condition may sometimes be sufficient but not necessary to ensure 
convergence, and vice versa. 

t A series which oscillates over a finite range (constant or variable) is 
sometimes considered to be merely oscillatory and not divergent. It is 
certainly not convergent, since it does not tend to a definite limit as 
n-> 00 . 
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converges to the value 1/(1 -<). provided that- 1 <:<<!. 
When < = 1, 8„{t)=n->(X) and, therefore, the infinite series 
diverges to + oo . But if < = - 1, the terms are alternately + 1 

and - 1, and the infinite series oscillates between 0 and 1. 

00 

/ 3. The series 2 u„{t) is said to be absolutely convergent if 

OO n=0 

!«„(<) I is convergent, i.e. when all the terms are made 

n«0 

positive. For example if <>0, the series 

«(<) = ! + - -e-‘ (1) 

is absolutely convergent, since it converges when all its terms 

00 00 

are made positive. If Z | is convergent, then S u„{t ) , 

n=0 n=0 

is certainly convergent. The proof is left to the reader. 

4. Particular convergence tests. 

00 


1®, A series of positive terms 2 



n=0 


converges if 

lim ““ >1, 

Mn+l 

* 

but diverges if 

lim <1. 

n->oo +1 


, A series of positive 

00 

terms E 

w=0 


converges if 

lim n ~ 1 

n->oo \^n 

)>i, 

but diverges if 

lim n - 1 

n — >-00 \^n +1 

)<i. 


3°. When is positive, the series Z ( - !)"«„ converges 

n=0 

if (a) 

and (6) as «->-oo . 

Thus a series of decreasing terms, alternately + and - , which 
tend to zero as a limit, is convergent. It should be observed 
that the three tests above are applicable whether or not is a 
function of t. 
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Examples. 1°. Show that the series for sinh t converges for 
aU finite t. When < =0, the convergence is obvious, so we take 
Now 


Sinh i = ^ + ... +■; 

o! 5! 


r + 


SO 




( 2 /^+ 1 )! 

e 2 n+i (2n + 3)! __ {2n 4- 2) {2n + 3) 


.( 1 ) 


-> 00 


^n+1 (2/1 -fl)! ^2”+® 

as n-> 00 , and consequently the series converges for all finite t, 
2°. Discuss convergence of the hypergeometric series 


( 2 ) 


y’ 2!y(yVl) 


wheni = l. Here 


v* ^ («.+ l)(n + y) 
«n+i {n + (x)(n + ^) 


>1 as /i->oo , 


•(1) 

•(2) 


SO test § 4 fails. But 


n 


(— - 0 = 
\u„+i / 


(y - a — P 1) n(y - aj8) 
-f W (a 4- /3) + ajS 


, ( 3 ) 


_ (y-«-^4-l) + (y-«^)/n ... 

1 +(a + j8)/m + aj3/m* ’ 

— a~j34-l as n-> oo (5) 

Hence when ^ = 1, the series converges if 7~a-jS4-l>l, 
ory>a4’j3. When^<l, 

/^n/^„+i = [(/i4- I)(n4-y)/(n4-a)(n4-j8)<]>l whenu->Q0 , 
so the series converges unconditionally. 


6. Uniform Convergence, r. If the series Wo(0 + ^i{0+ ••• 
converges in the closed'\ interval to the sum S{t)j we 

may write 

S(t) = 8„{t)+B„{t), (1) 

where Sn(t) is the sum of the first n terms, and Rn{t) the re- 

* For convenience the (n 4 2)th term has been taken for u^, 
t In some cases uniform convergence may apply to the infinite range 
while for convenience in §§7*15, 7-18 an open interval has been 
used. It is then to be understood that the convergence ceases to be 
unifonn when the variable is arbitrarily near to each end of the 
interval. 
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mainder after n terms. We saw in § 1 above that we can assign 
a positive number e, however small, and then choose a positive 
integer N, such that | Bn (t) \ < e, whenever n>N. The integer 
N usually depends upon t as well as upon e. But if we can 
choose N independent of t, we say that the series is uniformly 

convergent. When this is so, the function S (t) and the series 
00 

S Unit) have the same definite value at each point of the closed 

n-O 

interval including the end points h^, h, and the func- 

tion is continuous throughout the interval. In fact the sum of 

00 

a uniformly convergent series of continuous functions E u^it), 

is a continuous function [reference 16, p. 7]. The point to be 
emphasised is that a u.c. series always represents a continuous 
function. But we must not fall into the error of supposing the 
converse to be true. A c.f. may in certain cases be represented 

by a non-uniformly convergent series [ref. 16, p. 12]. 

00 

Example, The series E te-'^* converges in any finite interval 

n=0 

When ^ = 0, the series is zero for all values of n, so 
aS^(0) = aS( 0) = 0, this being the value to which the series con- 
verges. If ^>0, we may write 

Snit)==til-\-e-*-\-e~^^+ ... = 

When 7j->oo and ^>0, so we have the function 

Sit)=^tlil-e~^) (3) 

For^small, (1 i::::fl - 1 +^=^,sothatas^->0, aS(^)-:?' 1.* Thus 

at the origin the series is zero, but the function is unity, so a 
discontinuity occurs. Moreover, owing to its being non- 
uniformly convergent as + 0, the series does not represent the 
function there. It represents the function for t ^ ti, t{> 0. The 
convergence may be examined as follows : 

Rn it) = Sit)- Sn it) =ee-^V(l -e~^)c=Le-^\ (4) 

if t is small. When n is large but finite. Bn {t) depends upon t. 
If we select c arbitrarily small, we cannot make in 

the neighbourhood of ^ = 0, unless is a function of t, e.g. 

* Strictly S(t) has no value at 0, but we have used the ‘ limit.’ 
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n>N = - log e/t. Thus the series 2 although convergent 

n=0 

in A, does not converge uniformly if t is arbitrarily near to 

zero. It is u.c. , however, in any closed interval ^ ^ A, > 0. 
This may be proved by aid of 2°. 

00 

2°. ‘if’ test for uniform convergence. The series Z Un{t) is 

n=0 

absolutely and uniformly convergent in the closed interval 

Ai^^^A, if a convergent series of positive constant terms 

00 

S M„ (independent of t) can be found such that | M„(f) | < M„ 

w=0 

for every value of t in the interval, 

t^ t^ 

3°. Example, The exponential series 1-“^ + ^- ^+ ... =6”* 

is absolutely and uniformly convergent in any closed interval 
Ai^^<A. For if H be the greater of | A^ | and |A|, we 
have 0 ^ I ^ I for all t in the interval, so | t^jnl | ^H^jnl 

If we write Mn=H^ln\, the series of positive constant terms 
00 

2 M„ is convergent, since MJM„+i = (n + l)IH-* + oo with n. 
0 

Hence the exponential series is absolutely and uniformly con- 
vergent in any closed interval. 

4°. Example of non-uniform convergence. The series 

'+'4 + 5 + - 


is u.c. in Ai<^<A, but not in the range t^O, Hfere (^),* 

and for u.c. if € is fixed, we must have t'^jnl <Bn[t)<€ for all 
t^O, when n> some positive number N, For this inequality 
to be satisfied, we must take N large enough to make JV'! > t^/c, 
so N depends upon t when the latter is arbitrarily large. Hence 
the exponential series is not u.c. as t-> + oo . In like manner 
it can be shown that the series for is not u.c. as - oo . 
Additional tests for u.c. will be found in references [3, 4]. 


* Provided t is large enough for a given w, since 

00 fi+r r t t* 1 j ^ 


> 1 . 
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7. Differentiation of Infinite Series Term by Term. 

CO 

If S(t) = E Un{t), converges in a^x^b, or in a:^0, 

n=0 

then 8' (<) = E (<), 

«=0 

i.e. the derivative of the sum is equal to the sum of the deri 
vatives, provided that in the above ranges of x, 

CO 

(i) E u„' (t) is uniformly convergent, 

»=o 

(ii) each Un (t) is continuous. 
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CONVERGENCE OP INFINITE INTEGRALS 

\. 1°. Definition. Assume that the integral J exists* for 

every finite value of A>Ai. This usually implies that f{t) is 
either continuous, piecewise continuous, or has an infinite dis- 
continuity of order < 1 (see § 1-211) in < A. As h-> + 
this integral may 

(а) tend to a finite limit, 

( б ) „ + 00 , 

(C) „ - 00 , 

(d) oscillate over a finite range, 

(e) ,, ,, an infinite range. 

roo 

In case (a) we say that I f(t)dt is convergent, and we write 
f f{t)dt- lim [ f{t)dt (1) 

J fix A->+oo J 

In all other cases we say that the l.h.s. of (1) is divergent, and 
the integrals do not ‘ exist Throughout this Appendix, ex- 
cept in § 2, we shall assume that all integrals exist in any 
finite range which includes the lower limit. The 

various tests refer to convergence as the upper limit x . 
Cases where the integrand has an infinity at the origin are 
treated in § 1-211, and in § 2 below. 

* An integral may be considered to ‘ exist ’ when its value — which 
may be zero — is finite and definite, 2° (d) is an example of a finite, 
indefinite integral. If hi = 0 and — an infinite discontinuity 
of order 3/2 occurs at the origin, and for all h in h >/ii, the value of the 
integral ->-}-«> as + 0, so it does not exist. If, however, = 
the O.I. at the origin is 1/2, and the integral exists for all finite h. It 

+ 00 with h, A divergent integral does not exist. 

165 
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2°. Examples. 


(a) [ dt/t^ = Km [ dt/f^ = 1 ; 

J 1 A->+oo J 1 


Km [ tdt = + 00 ; 
A->+00 Jo 

Km f (l-t)dt= - 00 ; 

A^+oo Jo 

[ COS tdt =sini^, 
Jo 


but sin h does not tend to a limit as + oo 


roo 

, SO 

Jo 


cos t dt 


oscillates finitely, i.e. it is bounded and indefinite ; 

Ch 

(e) I ^ cos < sin A + cos A - 1, 

•^0 

which oscillates over an infinite range as + , being un- 

bounded and indefinite. 

2. Improper integral ; Principal value. If |/(^) | -^ + qo as 

/•A rh 

<->•^1 + 0, Km I f{t)dt may exist. It is written 1 f{t)dt, 

«->+oJai4-€ ^ hi 

and is termed an improper integral. For instance the three 
integrals in § 1-211 fall in this category. All the inte- 

grands have infinities at the origin. 

If I f{t) I — > 4- 00 as ^->^ 1 , where h^<ti <h, then 

lim [ f(t)dt-\- lim f f{t)dt 

€->+ 0 Jhi *“+0 J<j4-€i 

may exist, and it is written f f(t)dt. When €, 0 in- 

hi 

dependently, neither limit may exist. Nevertheless 

c-^+OL-JAi J«i+e ^ 

may exist. It is known as Cauchy’s principal value of I f(t) dty 

Jhi 

rh 1*2 

and is usually symbolised by P | f{t)dt. 1 - 1) is a case 

Jai Jo 

in point. Its value is not {^log(^--l)J , for this would be 
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-log (- 1)= -Tri, which is impossible, since the integrand is 
real in the range ^ = (0, 2). We have 


lim r [ dtj{t - 1) + f dtl{t - 1)1 

= lim j [log (i - 1)] + [log(« - 1)1 1 

€->+0 1^- -Jq L '^1+eJ 

= lim J log ( - e) - log ( - 1) +log 1 -log el , 

80 P 1 dtHJt - 1 ) — lim (log e + log 1 - log e) = 0. A rough graph 

Jq e— >+0 

of l/(^- 1) for the range ^ = (0, 2) will make this result clear. 
The graph is anti-symmetrical about the asymptote at 1 ^ = 1, so 
the areas between the curves and the t axis are equal but of 
opposite sign. 

3. General test for convergence of infinite integral. 

poo 

1°. The integral gr(^)(ins said to converge if, after choosing 
a positive number c, however small, h > can be found such that 


] 


<€, 


.(1) 


where I may have any finite value > A, or may + oo . If the 
integral 

I \g{t)\dt (2) 

converges, then I g{t)dt is said to converge absolutely. If 

Jhi 

(2) converges, so also does the latter integral, but the converse 
is not necessarily true. 

poo 

2°. Using the test in 1°, show that I e^^dt is convergent. 

Jo 

rh 

(a) I e~^dt exists and has the value however 

0 1 T. . 


(6) r 

Jh 


large h (finite) ; 
e-'^dt\—e-^-e-^ <e 


-h 


.( 1 ) 


Choose any positive real quantity €, however small, e.g. 10 
Then 6 € if A is large enough but finite. Hence the original 

♦ As stated in § 1, the integral is assumed to exist in any finite 
range 
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integral converges. Integral (1) represents the area A between 
e~‘ and the t axis over the range t=htol. Thus in effect, the 
condition for convergence is that A must be finite as ?--> + oo . 

Too 

3®. Using 1° show that | t-^/^dt is divergent 

h 

(a) I t-^l^dt exists for all finite ^>0 and has the value 

2Jh. 

(b) I ^ t-^l^dt ( 1 ) 

1 H 

Choose any positive real €, e.g. 10“®. Then however large h 
may be, Z may be chosen > h so that 2(1^^^ -h^f^) > e. Hence 
the integral diverges. As Z -> + oo , so also does the area A 
between t-^^^ and the t axis from h to Z. 

It should be noticed that although h may be as large as we 
please, provided it is finite, Z may exceed h by any number we 
please. For instance, if h were 10^®, Z might be 10^® or-> + oo . 

4. Particular tests for convergence of infinite integrals. 

The general test in § 3 is sometimes inconvenient to apply, so 
two particular tests are given below. They, enable convergence 
to be investigated without evaluating the integrals. In this 
respect it may be remarked that although an integral may be 
evaluable, this does not in itself constitute a formal proof of 
convergence. Additional tests will be found in § 7 of this 
Appendix. 

1°. If (a) f f{t)dt converges, 

(b) g{t) is a bounded monotonic function* in the range 
t>hi, 

* A fimction which either steadily increases (monotonic increasing or 
m.i.) or decreases (m.d.) to a limiting value without oscillation. 

and erf ^ [J'ig* 10] are positive and m.i. to the respective 
limits A and unity, as^-^^ + oo. A(l + and erfc t [Fig. 10] are posi- 
tive and monotonic decreasing to the respective limits A and zero, as 

+ 00 . Further examples will be found in Figs. 3, 4, 14, 16, 16, 17. 
A function of the type satisfies (6) in 1°, 2°, since it is bounded at 
its maximum value n”e“” at ^ = n, and is m.d. when t >n. If p~u + iv, 
Q-vt = (cQQ gin cos V and sin v are damped alternat- 
ing functions which 0 as + oo . The envelope is monotonic 
decreasing, but the function is not monotonic. A function is some- 
times said to be monotonic if its derivative does not change sign. 
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loy 


then 


IS 


poo 

I /(O ? (0 is convergent, 

2®. If {a) f f(t)dt oscillates between finite limits, i.e, it i 

h 

bounded, as + oo , 

(6) g{t) is a bounded monotonic function in 
which 0 as + oo , 


^00 

then I f{t) g (^) dt is convergent. 


In r 


poo p/» 

1 need not be convergent, e.g. 1 dtlt=logh, 

hi h 

which -> + X with h. Nevertheless if (a) is satisfied the 
theorems are valid. In (a) 2°, the integral must oscillate 
between finite upper and lower limits. For instance if 

/(<)-! + cos^, then f f{t)dt = {h + Binh) whose graph is sin A 
Jo 

superimposed on a straight line, through the origin, at 46® to 
the h axis. Although sin A oscillates between finite hmits, 
the limits of (A + sin A) + x with A, so the theorem is invalid 
here. 

The term ‘ bounded ’ is introduced to ensure that g(t) has no 
infinity in the range of integration. There are cases, however, 
when the integral converges provided the order of infinity of 

poo 

g{t) is less than unity (see § 1'211). For instance I sin t dt/C i 

Jo 

convergent for 0<»'<2 (see footnote to 4° § 7).- When 0<v<l 
there is no infinity, but when 1 < v < 2 there is an infinity of 
order <1 at the origin. If v = 2, the O.I. is unity and the 
integral diverges. 

poo gJjQ ^ 

5. Examples. 1°. Show that 1 — — tanh t dt is convergent. 

poo pA 

By 2° § 4, J sin t dtjt is convergent, since J sin f dt oscillates 

between the finite limits ± 1 + cos 1 as A-> + oo , whilst in the 
range t>l, 1/t is a bounded monotonic decreasing function 
which -»-0 as f->-+ oo . Also tanh t is a monotonio increasing 


IS 
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function with upper bound unity. Hence by 1° § 4 — with 
f{t) = Bin t/t and g(t)=tainh.t — ^the original integral is con- 
vergent. 


fCO 

2°. Discuss the convergence of I cos t dt/t", q real ; (a) q> I ; 
(b) 0<g<l; (c) q = 0; (d) q<0. 


(a) 


|cos<|<l, so I* ^ I = !/(?-!) (1) 


provided g>l, so the original integral is absolutely convergent. 

(6) I cos t dt oscillates finitely as h-> -f oo , whilst if 0 <g<l, 

is monotonic decreasing and ->0 as + . Hence by 

2° § 4 the original integral converges, (c) If q = 0, we get 

I cos^d^ which oscillates finitely as A--> + oo, whilst (d) if 

q<0 the range of oscillation -> ± oo as + oo . Thus the 
integral diverges if ?<0. 


^00 

3°. Show that I [Ho(aO ~ bt.dt is convergent, a 

Jo 


real >0, 6 real >0. 


Divide the range of integration into a finite part t = (0, h) and 
an infinite part t = {Ji, + oo ). Since H o (at) is a bounded damped 

alternating function [see ref. 11, Fig. 13], [ Ho(af) cos bt dt 

exists. When at is small, ro(a^) = 0*(log at), so if h^ is 

small, I Y ^(at) bt dt converges by comparison with 
Jo 

I O (log a<)d< = 0[Ai (log aAj- 1)] which is bounded. Since 
Jo 

r,(a<) is a bounded damped alternating function when ai ^ h^, 
h{>0, it follows that the original integral exists in4l!hy finite 
range < = (0, h). For large values of t, we may use the asymp- 
totic formula [ref. 11, p. 71] 

Ho(o<) - Fo(«<)~(2/va0 -0(l/<®). 


See p. xii for meaning of this symbol. 


( 1 ) 
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Iftl 

Thus for the infinite range t = {h, + oo ), we have 

J [Ho(o<) - cos bt dt 

2 r e s ,, f* _ /cos bt\ 

~;sl-r 

By 2° § 4 both integrals on the r.h.s. of (2) are convergent. 
Hence the original integral is convergent. 


^00 

4°. Under what conditions does 1 e^^^^f(t)dt converge'i Since 

Jo 

— cos oit ± i sin ojt, by 2° § 4 the integral converges if f(t) 
is bounded and monotonic in t^O. Sometimes convergence 
occurs if f{t) is a damped oscillatory function, e.g. «/o(0> 
J^{t), the former being an alternating and the latter a positive 
d.o.f. When t is large enough 'Jo(f)^N/2/7r^ cos {t - Jtt), so it is 


TOO r 

possible by applying 2° § 4 to prove that 1 < , A 

[^sin cjotj 

I {sin converge, with In the first case we 

rh 

must have co^l, and in the second co 7 ^: 2 . Since I exist, it 

Jo 


Too 

follows that 1 are convergent. 
Jo 


as an exercise. 


The reader should verify this 


5°. Show that the integral in (2) § 5-151 is convergent, t real > 0, 
Obviously the integral exists in the finite range x=^{0, h), 
so we shall consider the range x = {h, + oo ). When h is large 
enough, the asymptotic formula for the Bessel function may be 
used, so with a ~ 2Jt 


r 

Jh 


Jq{(iJx) sin xjdx 


QO^{aJx - \7t) sin x dx/x^l*, 


1 rw 

~ 7 = I (cos a^x + sin ajx) sin x dx/x^l^, 

^J7TaJf^ 


(1) 

( 2 ) 
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Writing x=y^, we have dx=2ydy, and (2) becomes 


I = f y^ (cos ay + sin ay) sin y^ dy. 
VwaJvA 

Now sin y^ cos ay 

= I [sin («/* + ay) + sin {y^ - ay)] 

= |[sin {(t/ + - Ja*} + sin {{y - |a)* - Ja*}], . . 

and sin y^ sin ay 

- k [cos {(y - \a)^ - ia*} - cos {{y + |a)* - \a^}]. . 
( 2 / + io)® then 2{y + \a)dy=dv, so'v 
dy=dvl2vi where Vi = s/v + la^ ; also y^i^ — ^/vi- la. 
Taking {y~la)^-la^=u gives dy—dul2u^, where 
% = V« + Ja*; also y^i^ = Jui + ia. When y = .Jh, 
v = {‘Jh + \aY - = k, and u = {Jh- |a)^ - = 1. > 

Substituting from (4)-(6) into (3), we obtain 


(3) 

(4) 

,(5) 

,( 6 ) 


=-J=\\° 




(sin V - cos v)dv 


+ j* (sin tt + cos tt) dtt] (7) 

The non-circular functions in the integrands are bounded in 
v'^k, u'^l, monotonic and ^ 0 as t; and oo . Thus by 
2° § 4 it follows that the integrals converge. Hence the original 
integral does hkewise. When k, I are adequately large 




sin V 


( 277 ) 1 / 2 ^ 1/4 


dv. 


(B) 


6. Uniform convergence of infinite integral. 

poo 

1°. The integral I f{x, t)dt is said to converge* uniformly 

. 

for all values of x in the closed interval a^x^b, if 

(а) after choosing a positive number €, however small, a 
positive number n can be found such that 

I f /(a?, t)dt <€, (1) 

I 

where l>h>n, and 

(б) n is independent of a; in the interval, i.e. it is the same for 

[h 

* In accordance with the statement in § 1, we assume to exist. 
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all values of x in the interval. The number n depends, of 
course, upon €, i.e. n=n(€). 

When evaluated, 

Ai). If 

(c) /(x, t) is a continuous or a piecewise continuous function 
of X in the interval a^x^b, and 

(d) the integral is uniformly convergent in the interval, then the 

function g(x, hf) is a continuous function of x in the interval, 
and represents the value of the integral for all x therein. The 
point to be emphasised is that uniform convergence of the integral 
implies continuity of the function it represents. The converse, 
however, is not necessarily true (see §§ 1*211, 1*22, 1*23, 1° 
§ 8 this Appendix). Uniform convergence is usually considered 
in a closed interval with respect to the variable therein — x in 
the above case — but not with respect to the variable of in- 
tegration — t in the above case. The infinite range is 

sometimes employed. 

2°. Using the test in 1°, show that 
finite real interval Pq^p^Pi, Pq>^* 

(a) [ e~^^dt has the value (1 -e-^^)lp, for all finite h>0 ; 

Jo 

(b) I e-^^dt:={e-^^-e~^^)lp<e~^^lp. 

Jh 

Choose any real positive number e, however small. Then 
whatever the value of p in the above interval, e-^^jp can be 
made less than € by making h large enough and greater than 
some positive number n, itself dependent on €. Hence the 
integral converges uniformly with respect to p in the interval 

the function it represents (1/p) is 
continuous for all p in this interval. Introducing numerical 
values, let 6 = 10-®®, po=:10-^®, then we must have e-^^jp^Ke 
or 1 /pj,€. Taking logarithms to the base 10, the condition 
becomes 

^ > logio(l/i’o€)/j>o logloe,* 

so A>logio 10«7l0-i'' X 0-4343 ... = 6 x lOiVO-4343. 

* Taking logarithms to the base e, h> - (log Po + log €)/Po» h is 
finite if p© ^ finite. 


*00 

e-^^dt is u.c. in any 

0 


pco 

j f{Xy t)dt is a function of x and hi, say. 
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The requisite condition would certainly be satisfied for all 
if A>« = 1'6 X IQi®, and although large, this number 

is finite. 

7. Particular tests for uniform convergence of infinite 
integral. 

U. The ‘ if ’ test. If 

(o) in the interval a^x^b, \f(x, t) Kif(f), where M(t) 
is a positive function independent of x* 

foo 

(6) I converges, 

hi 

then I f{x, t)dt is absolutely and uniformly convergent for 


all X in a^x^b. 


2\ If 


(a) j g(t)dt 


converges, 


(6) for every value of * in a^x^b, the function /(a:, t) 
is bounded, monotonic decreasing, and positive 
(t variable and ^ A), t 

TOO 

then 1 f{x, t)g{t)dt converges uniformly with respect to x, 
for all X in the closed interval a^x^b, 

3°. By 2® it follows that if f f(t)dt is convergent, f e^^*f{t)dt 

Jo Jo 

is uniformly convergent in the interval O^p^Pi for every real 
finite value of pi. When p is complex, the integral is uni- 
formly convergent if i?(p)>0 [see ref. 6, pp. 111-2, conditions 

poo 

II] . A simpler theorem states that if 1 e (t) dt converges for 

Jo 

p =po, it converges uniformly for all values of p=u + iv in the 
finite part of the p plane where u> In other words it is u.c. 
for all values of p in a closed area where R(p -Po)> 0. 


4®. If (a), f g{t)dt oscillates between finite limits as h 
Ja. 


00 , 


* The theorem is true also if /(a:, <)< M (Q in the range a; ^ 0. 
t/(^» f) may be constant for an assigned value of a?, e.g. = 1, when 
a? = 0, or like te’-^ it may be monotonic increasing to its maximum value 
(a;e)"*^ at < = 1/a;, after which it is monotonic decreasing to zero as + x . 
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then 


(6) f(x, t) is m.d.* and positive for every x in a^x^b 
(t variable 

(^) /(^> ^)->0 uniformly with respect to every x in 
a^x^b as ^-> + oo , 

^00 

I /(^j t)g{t)dt converges uniformly with respect to x, 
** for all X in a<x<b. 


poo 

Jo 


sin xt dt 


8. Examples. 1°. Show that 

with respect to x in any finite interval thereof. 
Using U § 7 we have/(a;, t) —sin and 


converges uniformly 


sin xt 




1 


(a2 + «2) 

throughout any finite interval of variation of x. Also 


ch dt 1 r 


as A > + 00 , so this integral converges. Hence the original 
integral is absolutely and uniformly convergent. It can also be 
proved u.c. by 4"^ § 7. This is left as an exercise for the reader. 

poo 

2°. Show that 1 e~'^KJ^(t)dt is uniformly convergent if 
Jo 

p real ^0, R{v)> ~ 1. 

Using 2° § 7, we take g{t) — J^ (<), and we have to demonstrate 

poo 

that the integral I (t) dt converges. We write this integral in 
the form 

[ Jy{t)dt~[ J„(t)dt+[ J^{t)dt, (1) 

Jo Jo Ja 

h being large but finite. The first integral on the r.h.s. has a 
definite finite value only if jB(v)> - 1. For [ref. 11, p. 158] 

{ity 


j^t)- 


4- terms involving higher powers of t, ....(2) 


■r{i+v) 

* See footnote to 1° (6) § 4. In some cases /(a;, t) may have an infinite 

discontinuity. For instance x sin at dtlV'^nxa^-'^ cosec j 2r{v), 

which holds for 0< v < 2, When 1< i/< 2, the factor I Iff' introduces an 
infinity at « = 0, but its order being (i/ - 1) is less than unity (see § 1«211). 
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so the above restriction is needed to secure convergence at 
^ = 0. In the second integral on the r.h.s. of (1), we use the 
asymptotic formula [11, p. 158], 

JAt) ^ J(2/7Tt) COS {t - Itt ~ Ivn) + e (0 (3) 

where = when t is large enough. Since 

r ^{t)dt = r 0{t-^i^)dt (4) 

Jh h 

is convergent, we need consider the integral 

J{2/7t) r cos (« - ^77 - y7T)dtlt^l^ (5) 

hi 

only. By 2° § 4 this converges, so the integral on the l.h.s. of 
(1) is convergent. If p real>0, /(^, t)=e-'P^ is m.d. positive 
and ^ 1 for ^^0; for = 0 it is constant (see footnote to (6) 

2° § 7). Hence by 2"^ § 7, the integral [ e-^^J^,(t)dt is uniformly 

convergent if p real ^ 0 and i?(v)> - 1. 


9. Theorems. — Changing the order of integration. 

A. One upper limit b finite, the other h infinite. 

If (a) f{x, ^)*i* is a continuous function of x in the interval 
a^x^b, and of t in the interval h^^t^h, no matter 
how large h may be, 


[b) f(x, t)dt converges uniformly with respect to x in 

hi, 

the interval a^x^b, 

f(x,t)dx^^ f(x,t)dt^ (1) 

By virtue of uniform convergence in (6) the integral there 
represents a continuous function of x, and is, consequently, in- 
tegrable over the range a^x^b. Thus conditions (a), (b) imply 

* See p. xii for explanation of this symbol. 

t / (x, t) can always be integrated with respect to x, if it is continuous 
in a finite range of integration. A similar remark applies in regard to t. 
When the range is infinite, continuity in itself is insufficient to secure 
convergence. 


then 


rx rb 

dt\ 

h, Ja 
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tha the r.h.s. of (1) exists. Also, since f{x, t) is continuous 

in X, it follows that the finite integral f f{x, t)dx represents a 

Ja 

continuous function of and can, therefore, be integrated 
over the finite range Moreover, the theorem states 

rh rb 

that lim 1 dt 1 f(x, t)dx exists as a definite finite quantity, 

hi 

rb roo 

and is equal to 1 dx\ f(x, t)dt, 

K Hi 

Upper limits in both integrals injiriite. It is difficult to specify 
general conditions to be satisfied here. In theorems B, (7, the 
conditions are sufficient, but not always necessary. When the 
integrals are evaluable both before and after inversion, with 
identical results, no formal proof is usually needed. For a 
detailed discussion of the subject, the reader may consult the 
references in [4, p. 211]. 

B, Both upper limits finite. 

If (a) f{Xi t) is a positive continuous function of x in 
a^x^by and of t in h^^t^h, no matter how 
large b and h may be. 


(6) f dt[ f{Xy t)dx:=^[ dx\ f{x,t)dt (1) 

Hi H Hi 

for all values of b>a, 

(c) f f f{x, t)dx-~{ dx{ f{x,t)dt (2) 

Hii H H Hi 

for all values of h>hi, 

then f — f <^*1 f{^>t)dt, (3) 

hi H H ^ hi 


provided that one of these expressions has a meaning. Let 

rh rco 

lim 1 dt I f{x, t)dx have a definite finite value. Then (3) 
h->(x> J hi H 

Too 

♦Let \.f(x, t)dt = g(x), then by u.c. this function is continuous. 

jhi 

{b 

Hence the finite integral \^^g(x)dxy i.e. the r.h.s. of (1), exists. 

fThis function must fulfil certain conditions for tlio l.h.s of (1) to 
converge. 
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fb <•« 

asserts that lim 1 dx 1 t)dt has a definite finite value, and 

that these two values are equal. 

C, Both upper limits infinite. 

If (a) f{x, t) is a continuous function of x in a^x^b, and of 
t in hi no matter how large b and h may be, 

roo 

(^) I /(^j converges uniformly with respect to t in 
® the arbitrary closed interval 

1*00 

I /(^j converges uniformly with respect to x in 
the arbitrary closed interval a^x^b^y 

(d) I dx\ f(x, T)dT converges uniformly with respect to 
t in the infinite interval t^h^, 

poo poo pa poo 

then I dx\ f{x,t)dt; 1 dt\ f{x,t)dx converge, and are 
equal. 

Gi. Sufficient conditions for the changed order of integration in 

§§ 2-21, 2*22. These may be deduced from C above. 

If (a) f{t) is continuous in t'^0 ; 

poo 

(6) I e-^*f{t) dt is u.c. as a function of p in the arbitrary * 
real interval < p < Pa ; 

poo 

(c) I c~^^f{t) dp is u.c. as a function of t in the arbitrary * 
interval hi^t^h^ ] 

{A) 1 1 c~^^dp is u.c. as a function of p in the 

infinite range p^'^Pi ; t 

dp r e-^^f(t) dt = r f(t) dt r dp 

JAi •'a, Jpi 


then 


Jai ^ 


•(1) 


* This means that p or t may have any real finite value compatible 
with (6) or (c) being satisfied, respectively. 

t jJi may have any real finite value compatible with (d) being satisfied. 
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Since f , 

Jy, t 


if 


^OO 

1: 


-pt 


1/(01 


dt converges, then by 1°, § 7, it follows 


poo p3?, 

that I f{t)dt I e’-^^dp is u,c. as a function of p in 
•'Ai hi 

Hence instead of condition (d), we may use the less general but 
more easily applied condition, that 

(d') f \ dt converges. 

Jo ^ 

Og* Sufficient conditions for the changed order of integration in 
§ 2-23. 

If (a) f{at) is continuous in ^>0, and in 1 ; 


poo fiat) 

(6) I — - dt is u.c. as a function of a in 1 ; 

Jo a 

poo fiat) 

(c) I — ^da is u.c. as a function of Hn ; 

J 1 a 

(ci) f — f e-*"/(aT)(iT is u.c. in <>0 ; 

Ji ® Jo 

then J” — 1°° e->’‘/(ai) dt =|* c-»’‘ dtf^-^ da (1) 

10. Examples. 1°. Show that 

^00 ^oo Too ^00 

j dpi e-^^8intdt = \ sinidn e-’^^dp, pi>0, hi>0. 

Jpi hi hi hi 

We apply § 9, Theorem C, and, 

(а) c~*’*sin< is a continuous function of p in p^O, and 

of t in ; 

(б) r e-p* sin i and converges uniformly 

to this value for all-in hi^t^h^; also it is 
u.c. in this interval when the lower limit in the 
integral is 0 ; 
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<*«o q-PM 

(c) J e sin i = " 2 "^ (P ^ 1 )’ converges 

uniformly to this value in Pi^p ^Pt, Pi> 0 ; 

foo rt 

(d) I dp I e-^ sin t dr 


g-pr gijj ^ 


Jpl Jhl 


■[Z*- e-^*{jp sin t + COS <)] 


and the convergence of this integral is inde- 
pendent of t in ^>0. Hence the two repeated 
integrals converge and are equal, i.e. the order 
of integration in either may be inverted. The 
case where = 0 is treated in 2°. 

2°. Prove that 

rco poo poo poo 

1 sin t dt I c"®* dp = j dp \ sin t dt, 

Jo Jo Jo Jo 

By theorem § 94 

poo rA pj poo 

sin^dn e"^Mp= dp e“^^sin^d^, (1) 

Jo Ja Jfi Jo 


since (a) e“^^sin^ is a continuous function of p in 
and of ^ in ; 

poo 

(6) I e“*^^sin^d^ is u.c. with respect to p in S:^p<4, 8>0. 
Jo 

Consequently it is sufficient for our purpose to demonstrate that 

poo pd poo aijn / 

lim 1 sin^dM c“®^dp=lim I (1 -e"^^)d^ = 0, ....(2) 

6->+oJo Jo a_>.-j-oJo ^ 

and lim [ sin^d^f e“^^dp= lim [ (3) 

J— >+ooJo Jj J— ►•4 -qoJo * 

By 2°, § 4, if A>0, the individual integrals in 

/=r^V-c-«')d< (4) 

Jh t 

converge. Suppose the value of the first is K, then that of the 
second will be iiTe-®*, 0<hi<h. Hence 

/=.K(1 -e-***)->0 .... 

*K = e - 1*1 (p sin + cos hi). 


(5) 
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as 8-^ + 0. Also 

1 (1 j" sin <1^1 -||+ ...Jdf->0, (6) 

as 8-» + 0. 

Further f" e-^< dt <{" e-^Ht=).-> 0, 

as J->H- X . Hence (1) is true if 8->0 and J— > + x , i.e. the 
order of integration in the repeated integral may be inverted. 

^00 Too 

3°. Evaluate p\ dx\ by inverting the order 

Jo Jo 

of integration, and justify this step. 

We have 


p I e''^H~^l^dt [ e~^'^i^*xdx 
Jo Jo 

= 2p r e-^H^'^dt r e-^"f^^d{x^l4tt), 
Jo Jo 

= 2p\ e-^H^l^dt — Jnlp, 

Jo 


(1) 

(2) 


by the list. To justify the changed order of integration, we 
proceed thus : 

(а) f{x, t)~e~^^~^^^‘^^xt~^/^j is a positive continuous function 
of X in the range x^O, and of t in t^O. Thus condition (a) in 
§ 9B is satisfied. 

(б) For condition (6) § 95 to hold, (6) § 9-4 must be satisfied; 

Too 

SO we have to prove that I e~^^"^^l^*xt-^f^dt converges uni- 

Jo 

formly with respect to x in the range a; > 0. When 

a: = 0 and-^ + x, g(x, t)=xt-'^^^e-^''l^^=:^0 for all t'^0. 

For the range 0<a;<x , g{x, t) is a maximum when x~j2t, 
and has the value N/2/e. Thus if p is real and >0, in the 
range we have 

I I ^ ^ ^-pt (3) 

TOO 

Now •72/6 I converges to the value \/2jep^, so by 1° § 7 

Jo 
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the original integral converges uniformly in a?^0, and, there- 
fore, represents a continuous function of x in this range. 

(c) For condition (c) § 9B to hold, condition (6) § 9A must 
be satisfied, so we have to prove that the integral 

Jo 

converges uniformly with respect to t in the infinite range t'^0, 
when p is real and >0. 

To investigate the convergence we apply (1) § 6 making 
+ Qo . Then 




-..p' 

J X- 


c-»*/«d(a:V4«) 




r 

-3)< g-a;*/4< _ 


\x=h 


•(4] 

.(5) 


<2e-^H^l^l{h^l4t) = .... 

If we select a real positive number e, say 10 - 2 ®, by taking h 
large enough, but finite, for all t in ^>0. For 

^ = 0 we take the integrand as its limit zero as ^ ^ 0. Hence 
the original integral is u.c. in the range ^^0. Since all condi- 
tions for the changed order of integration are fulfilled, (1) is 
valid and (2) is the value of the repeated integral. 


1 1. Integration under the integral sign. This operation is 
equivalent to changing the order of integration, so the conditions 
in § 9 are sufficient but not always necessary [see ref. 3, 16]. 


12. Theorems. — Differentiation under the integral sign. 

A, Both limits in the integral finite. 

If (a) f{x, t) is a continuous function oi x in a^x^b, and 
oitinhi^t^h, 
df(x,t) 


ib) 


is a continuous function oi x in a^x^b, and 


dx 

oi t in hi^t^h, 

(c) hi and h are either constants, or functions of 
a; (a<a;^6) with continuous differential coefficients, 
then 

...(i) 
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When h, hi are constants, the first and second members on the 
r.h.s. of (1) vanish. 

B, Upper limit of integral infinite. 

If (a) f{x, t) is a continuous function of x in a^x^b, and of 
t in hi^t no matter how large h may be, 

df{x, t) 


(b) 


dx 


is a continuous function of x in a^x^b, and 


of t in hi^t^h, no matter how large h may be, 
f* df(x t) 

(c) 1 -- ^ dt converges uniformly with respect to x, in 

a^x^b, 

^00 

(d) I f(x, t)dt converges in a^x^b, 

(e) hi is either constant or a function of x {a^x^b) 

having a continuous differential coefficient, then 


1 
dx], 


r 


‘/(a,, (1) 

When hi is constant the last member of (1) vanishes. 

13. Examples, r. Evaluate f e-^^Ii{aslt^ - b^) dtjJt^ - b^ by 

Jb 

TOO 

differentiating I -b^)dt under the integral sign 


pe 




with respect to 6, given that Iq {aJ t^ - b^) = 
Using (1) § 125, with 6 instead of x, we have 


Jfo 


9 (a Vi* -6*) 


db 


. dt, 


•( 1 ) 


= - r (aJt^ -b^)ab -b^ 

h 

ab r e-P*Ii(a‘Ji^^)dtl‘J^^, 

h 


(2) 
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since («) = /j («) . Also with hi=b, 


m 


db 


fib, 

|) = 1. Hence by 
f -b^)dt 

ib 


-pb 


.( 3 ) 


since /o(0) = l. Hence by (2), (3), and (1) § 12B, we obtain 
d 

>b 




poo 

= -ah 


....(4) 




- 6* 

Now 


•» 

e-»*Ia{aJt^ - 

h 


(5) 

so 


1! 

1 


(6) 

Consequently 

by (4) and (6) ^ 

ive obtain the result 



poo 

- 6* 

dl-\ (6“''''*^"“' - e-"*’) 

ab 

(7) 


The reader should justify the foregoing procedure as an exercise. 

^00 

2°. Given that 1 sin xt dt'—xKp^i-x^), p real and > 0, 
Jo 

poo 

evaluate the integral 1 e-'^H cos xt dt, by differentiating under 
Jo 

the integral sign and justify this procedure. Here 

(a) f(x, t)=e-^* sin xt, and this is a continuous function of 

X and t in the respective ranges a^x^b, no matter 

how large h may be, p real > 0 ; 

dflx t) 

(b) — — ~e-^H cos xt, and this is a continuous function of 

X and t in the respective ranges a^x^^b, O^t^h, no matter 
how large h may be, p real > 0 ; 
df(x t) f® 

(c) I — ^^clt~ I cos xt dt, and we have to examine 

Jo Jo 

whether or. not this integral converges uniformly with respect to 
X in any finite range thereof. Using U § 7 we see that 


poo 

I cos xt 1 < for any finite value of x, and I e-^H dt 

Jo 


converges to the value 1/p* (by (1) § M2). Hence by 1° § 7 
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the integral in question converges uniformly with respect to x 
in a^x^b; 

(d) the original integral converges in a^x^b, p real > 0. 
Accordingly by § 12JS 


d r 

— 1 e-^*Hmxtdt 

dxJo 


-g^(sin xi)dt=~[x/(p^ + z^)], ...(1) 


so 


r 

Jo 


poo 

- e- 
Jo 

e-^H cos xt dt -■ - x^)l(p'^ + x^Y. 


•( 2 ) 


Since the integral is ^t.c. in a^x^b, the function on the r.h.s. 
of (2) is continuous in this range of x, i.e. for any p real > 0, 
it is a continuous function of x. 


14. Example where (c) § I2B is not satisfied. The integral 

dt 

sin xt iO 0 is well known (see § 2*221). Differenti- 

.'o f “ 

ating under the integral sign with respect to x, we have 



but this operation is invalid, since the second member of (1) is 
oscillatory, instead of being uniformly convergent. 

15. Theorem. — Integration of infinite series over an 

infinite range, term by term. 

00 

If (a) 2 /„ (t) is a uniformly convergent series* of continuous 

?i— 0 

functions in the infinite range t > ; 

poo 

(^) 1 \ y{l) convergent, 

then [ g(t) 2 f„{t) dt --^ 2 { g{t)f„(t)dt (1) 

Alternatively if 

00 

(c) 2 fn{t) is a uniformly convergent series of continuous 


n—O 


functions in the finite interval h^^t^h, 

* There are non-uniformly convergent series which may be integrated 
term by term [see reference 16, § 1*76]. 
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(d) g{t) is a continuous function for all finite hi, 


^00 

(e) either the integral j 

1 9it) 1 

( 2\f„(t)\\dt, ... 

(2) 



U=o J 


QO poo 

or the series 27 1 

n -0 

1 9{t) 1 

■\fn{t)\dt, 

(3) 


converges, then (1) is valid. This is exemplified in §§ 2'18, 
2-181. 



* APPENDIX IV 


PARTICULAR CASE OF THE MELLIN INVERSION 

THEOREM 


There are in reality two theorems as follows : 


1°. If 


•00 

t real >0, 

0 

(1) 



•cH ioo 


then 

e^*(f> {z) dzjz, 

(2)* 

provided 





(a) All singularities of are on the left of c±ioa , 

OO ; 



\ <l>{c+iy) 
,! c + iy 


dy converges, but this restriction may be 


waived when the highest power in the expansion 
of <j}{z) is z\ R{v)<l ; 


(c) \<j>{z)jz\~^Q uniformly with respect to phase z as 



\z\'-> CO in the range - ^tt < phase z ^ ^tt, 
tegral (2) is then zero when ^ < 0. 

In- 

2°. If 


•c+ioo 

e**^(2)dz/2, 

c—i<x> 

.(2a) 

then 

<i>ip)=p 

•00 

e-^^f{t)dt, 

0 

.(la) 

provided 





(a) f{t) is continuous or piecewise continuous, t real > 0; 


* See Fig. 18 for the contour c± » also [12], Strictly c± ioo should 
be written c± 2/->oo , i.e, integral (2) is the limit as 2/“^°® • Although 
this theorem bears Mellin’s name, it was given originally by Poisson in 
a memoir read before the Academy of Sciences, Paris, in 1815. Mellin 
gave a rigorous discussion of it in 1896, the form treated being that in 
[12, pp. 302-5]. For additional historical information see T. J. I'a 
Bromwich, Proc. Lond. Math, Soc,, 16, 401, 1916 ; and H. Bateman, 
Bull, Amer, Math, Soc,, 48 , 510, 1942. 
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(6) i2(p)> 0, but in some cases may be ^ 0 ; 

(c) integral (la) is absolutely convergent. 

When t is replaced by - a, t, b real, t>b, condition 1 (c) 
becomes : | e^^(l}{z)lz | -> 0, etc. ; in (2a), t real > b ; whilst in 
integrals (1), (la) the lower limit is 6. A complete proof of the 
theorem is given in reference 12, Appendix IV. 



* APPENDIX V 


PROOF THAT L.T. METHOD GIVES CORRECT SOLU- 
TION OF ORDINARY LINEAR DIFFERENTIAL 
EQUATIONS WITH CONSTANT COEFFICIENTS 


The transform solution of (1) § 3-13 given at (4) § 3- 131 is 

( 1 ) 

where = is the solution for zero initial conditions, and 
yc^^J(f >2 is that part of the solution for the prescribed initial 
conditions, is usvxilly a rational function* such that the 
degree of the denominator of (f>ilp<f >2 exceeds that of the 
numerator by at least (n + l).t Then the singularities of 
<l>itz<j >2 are all poles in the finite part of the z plane, and the 
contour ciioo may be replaced by a finite circle enclosing 
them. By the Mellin inversion theorem 

^ Ic 

Since (2) and its first n derivatives are uniformly convergent in 
any closed interval differentiation under the integral 

sign with respect to t is permissible, so 


+ — +anyv{i) 


1 r dz- , T 

=J-.f 


.(3) 


(4) 


^ 25/2 = 1(0 

The closed contour C is equivalent to c ±ioo , if is a rational 
function whose degree < 0. It follows that the appropriate 
function yj,{t) is obtained by interpreting 


♦A rational function is one whose numerator and denominator are 
both polynomials. A constant is regarded as a polynomial. 

t n is the order of the differential equation, and when p is large 
<I>iIP<I >2 =0(1 Ip^^). Since = (n. + 1 ) it follows that vanishes 

with t. 


N 
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M.O.O. 
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By ( 1 ), ( 2 ) § 3*131, ^3 is a polynomial of degree equal to or 
less than that of so applying the Mellin inversion theorem 
to the last member of ( 1 ), we have 

Ic 

where C is equivalent to c ± ioo . 

As in ( 2 ), (5) may be differentiated under the integral sign, so 

- +<i«l/cit) = -^.j^e‘*^sdz/z. ...(6) 

^3 has no constant term, so the integral corresponding to each 
term of the polynomial vanishes. Hence if the initial condi- 
tions are satisfied, ydt) is the initial conditions function of 
(1) §3*13, i.e. if for r=^0, 1, 2, 

By (2) 



since all the integrals concerned are uniformly convergent in 
O^t^h, and, therefore, represent y ^, at ^ = 0 . Now (^ - 1 ) 
is the greatest value of r, so and by refer- 

ence 12 § 4*61 et seq., when t is small (7) may be written 

1 r 

= <*) 

where m is an integer ^ 2 . Whence = 0. 

By (5) 

^ [ lo = ~ j^ 2-(^3 dzlz<i>^, ... (9) 

since all the integrals concerned are uniformly convergent in 
and, therefore, represent 2 /c^’^UO i — 

By aid of ( 1 ), ( 2 ) § 3-131, ^ 3/^2 niay be expressed as follows ; 

<l>sl<f >2 {yo (^2 - a„) +yi[(^ 2 / 2 ) -««-!- (On/a)] 

-t-2/2[(^2/2*) -a„-2 - (a»-i/*) - K/3*)] + - }, -(10) 

= 2/o + 7+§+-+f^-^ iiy^n + + Vlfln-i + - ) 

+ (l/z)[yi«n + 2/2*11-1+ •••] + ••• } ( 11 ) 

♦ By hypothesis the degree of <l>i never exceeds zero, whilst that of 
is n. 
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When (11) is substituted in (9), the integrals corresponding to 
all terms except y^jz'^ vanish, so Hence we have 

shown that 

( 12 ) 

for r = 0, 1, 2, ... n - 1, which completes the proof. 

An exceptional case. The above analysis is based upon 
arbitrary initial conditions. If, however, ^(^)=/(^), the im- 
pulsive function of unit strength in § 2*19, (j>i—p, so 
2 ''« Ai /#2 = 0 ( 3 - 1 ) 
for r~n - 1, and (7) gives 

constant. 

Accordingly when a system symbolised by (1) § 3-13 is sub- 
jected to unit impulse, a ‘ forced ’ initial condition is introduced 
by virtue of the (n-l)th derivative of This can, alter- 
natively, be regarded as a condition at ^ + 0. It is due to the 

whole energy of the impulse being transferred instantaneously 
to the impulsed system. At ^ — -f 0, therefore, the initial con- 
dition is expressed by 2/;,^” be preferable 

to consider y^, ... 2 /„_i to represent the initial conditions as 
whilst at ^ = 0, represents a response of the 

system due to the impulse. See example 27 § 8-5, where 
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SOLUTION OF D.E. FOR IMPULSIVE FUNCTION 
I{t) WHEN THAT FOR UNIT FUNCTION IS KNOWN 

For quiescent initial conditions, and a force represented by 
H {t), applied at t — 0, suppose that the solution of the differ- 


ential equation for a given system is 

( 1 ) 

Then by (6) § 2-14, assuming the conditions there to be satisfied, 

f{t)=>p<f>(p)-pf{0) (2) 

Since (2) can be written 

( 3 ) 


so the l.h.s. of (3) is the solution corresponding to AI (1). The 
constant A is introduced for dimensional purposes, as explained 
in § 2*19. Terms in the original solution. corresponding to non- 
zero initial conditions are independent of the applied force. 
They must be added to the l.h.s. of (3) to obtain the complete 
solution. 

Variable aJt^ — b^~a/a. In this case the modified version of 
(3) is 

^ \jt ^ + / (< - ^)/(««)_ J = (P). (4) 

where is defined at (2) §1-31. As before, terms arising 
from the initial conditions are to be added to the l.h.s. of (4) to 
obtain the complete solution (see 22, § 8*3). 

Applying (4) to (6) §4-311 (see (1) §4-313), with jE?o = l we 


have 

• = V{C/L)i8e-‘[< - /o(|8m)] (6) 

where « = Vi* - x^jv^. Also 

/(^tt) = V(C/L)e-««'» (6) 

t^xlv 
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Hence by (4), (5), (6), when the p.d. applied to a quiescent 
transmission line at = when ^ = 0, is AI{t), the current at 
any point x is 

/,=^V(C/L)|c-“/‘’/(<-a:/«) + . ...(7) 

This result may be obtained from (9) § 4*332 also, by writing 
AI{t) for ^2(0) using (7) § 2*191. The value of the integral 
in (9) § 4*332 with Al{t-fji) substituted for is found 

on replacing /x by ^ and removing the integral sign. The first 
term of (7), namely, AJ{CIL)e-^^^^I (t - xjv) represents a cur- 
rent impulse at the point x at time t =xlv. This is followed by 
a ‘ tail ’ represented by the remaining terms of (7). It is due 
to dissipation of the energy, supplied instantaneously at 
^ = 0, at a finite rate when ^ > 0. The current sinks to zero 
asymptotically. 



EXAMPLES * 


8*1. Boundedness, convergence of series, differentiation under 
the integral sign. 

1. Show that (a) e-Po^fit) is hounded in t^O when f(t)=t*^, 

sinh t, cosh 0 cosh t, if Pq real > 1 (2?o ^ i”), n a positive 

integer ; 

(6) log are bounded in but not 

in t'^0 ; 

(c) t'^KQ{t) is bounded in ; 

(d) is bounded in ; if x real > 0, p^'^log x. 

See captions to Figs. 2, 3. 

2. Draw the graphs of and define the derivatives of the functions 
in Figs. 20, 256. 

3. Demonstrate that /(f) = l/f is bounded in the range f>6, ^>0, 
but not in <>0. 

4. Show that cos (1/a:) has a finite oscillatory discontinuity at the 
origin. 

5. Show that - cos (l/o:) has an infinite oscillatory discontinuity 
at the origin. ^ 

6. What is the order of infinity of at the origin? [1/2.] 

7. What is the order of infinity (a) sin f, l<v<2 ; (6) 1/sin t 

at the origin? [(a) v - 1, (6) 1.] 

Too 

8. Show that if /(f) is monotonic and positive, I e~^^f(t)dt 

Jo 

represents a monotonic positive function in that range of p for 
which the integral is uniformly convergent. 

9. Without evaluating the Laplace integral, show that the L.T. of 
sinf is monotonic in the range p real > 0 ; also show that is 
a positive monotonic increasing function which -> + oo with f. 

10. The L.T. of a monotonic positive function cannot be alter- 
nating. Show that although Ho(f) and are both alternating, 
their difference Ho(f) - Fo(0 is a monotonic positive function in the 
range f>0, unbounded at the origin. 

11. Show that sin f ci (f ) - cos f si (f) is a monotonic positive 
function in the range f>0. [See Example 10.] 

* Additional technical problems (with answers) soluble by the L.T. 
method will be found in reference 12. 
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12. Prove that the following series are uniformly convergent in 
any closed interval of t, ; 

CO 00 

(a) JoW = ^ ( - l)r ; (6) /,(() = s (itr/(r\r ; 

r=0 r=0 


(0 


CO /W\n+2r 


00 /lMn4-2r+l 

(e) H„(<) = SJ, - 1)*- + 3/2) r{TO+r + 3/2) ’ 

w a positive integer > 0. 

13. Prove that each series in Example 12 may be differentiated 
term by term over the interval t = (0, h). 

14. Prove that each series in Example 12 may be integrated term 
by term over the interval ^ = (0, h). 

15. Show tliat the following series are absolutely and uniformly 
convergent in any closed interval of t or iv, as the case may be : 




1 


■'■ 577 . 9 "^5. 7. 9... 15 ■^"7 ’ ^ 


(c) Ew^^H^ny. 

n=l 

QO 

16. Demonstrate that the series S ( - a real, is ii.c. in 

n -1 

any closed interval if ^>0, and oscillatory when ^==0. Is term by 
term differentiation with respect to t permissible? [Yes! if ^>0.] 

17. Investigate the convergence of the series in (35), (42) § 8*4 ; 
(29), (30), (32), (33), (35)-(37) § 8-5 ; (2), (3) § 8-6. 


■ 

: l!3'^2 


L _ Jl. 1 

!5 3!7 ■'■■■■ J 


18. Show that the series erf i = (2/^7r) j 

is absolutely and uniformly convergent in any closed interval of t, 

19. Prove that term by term differentiation and integration of the 
series in Example 18 is valid, and state the corresponding interval 
of t. 

20. Show that the series ■\-2ht)^ £ { -iyjj.(t)b^lrl is 

r=0 

absolutely and uniformly convergent in any finite intervals of t 
and b. 

21. Prove that the following integrals may be differentiated under 
the integral sign with respect to p and b : 

(a) J e-^^jQ(bt)dt; (6)J e-^^sinhbtdt; (c) j -b^)dL 



186 MODERN OPERATIONAL CALCULUS 
State the six results obtained* 

j^(a) -j* e-^HJQ(ht)dt= - pl(p^ 

-^^e-^HJ^(ht)dt= -6/(p2 +62)3/2. 

(h) -J* e~^*t^inhhtdt- -2hpl{p^ 

j* e~'’^H cosh ht dt = {p^ + h^)l{p^ - ; 

(c) -J* e~^HJQ(aJt^ -b^)dt 

= -pe-^^^-^^*(b + l)/‘Jp^ +a^)l{p^ +a^), 

_ ^ ,Vp.T«« _ e-».)/a.6l . 

ib n/<2-62 J 

22. Prove that integral (1) § 6*12 may be differentiated under the 
integral sign with respect to p and v. 

Too 

23. Demonstrate the validity of differentiating e“^^sin6^d^ 

Jo 

under the integral sign with respect to p. Thence show that 

I e~^H sin bt dt = 2pbl(p^ + 6^)^. 

Jo 

24. The asymptotic form of a certain function is 


»00 

g(b , «)~ 

Jo 


e-'** u sin bJudu. 


■jTTbe-0‘1** 

8t5/2 




Show when t is large, b real > 0, that g(b, t) 

[Use the L.T. of sin bju, and differentiate the corresponding infinite 
integral under the sign with respect to p, i.e. use (3) §2d7.] 


8*2. Convergence and evaluation of integrals, inverting the 
order of integration. 

poo 

1. Show that I is absolutely and uniformly convergent 

^ Pi'^P'^P 2 > Pi real>0, when /(i) = sin cos cos^ sin^ 
t^cos^t, sin^^, cos^i, t^Jo(t)y R(v)> -1, Jv^(t)lty 

jR(v)>0, t^logt, t^log^t, R(v)> -1, n^l, Jo(t)lt^, i?(v)<l. 

2. In Example 1 if ajt^ - b^ is written for t in f(t) and b for 0 in 
the lower limit, prove that all the integrals are absolutely and uni- 
formly convergent, 
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poo 

3. Demonstrate that I e-^^f(t)dt is uniformly convergent with 
respect to p in p>l if f(t)=^sinh.t, coshf, and in p real > a if 

4. Verify that 


poo 

(a) cos X dx is uniformly convergent with respect to 

t in the interval h{>0 ; 


•00 

{b) sin t dt is divergent ; 

Jo 


poo 

(c) sin sin t dt is divergent ; plot sin Jt sin t,t = (0, Stt) ; 

Jo 

poo 

(d) I sin ay^dy is u.c. with respect to a (real) in 

J® ^i>0, n>2. The integrand is alternating but not 
periodic, since the interval between consecutive zeros 
decreases with increase in y. Plot sin y", n = 2, 4. 

(e) Using the footnote on p. 165, show that the value of the 

integral in {d) above is 7r/2a^/»^njr(l - Ijn) cos (7r/2ri). 
[Write ay'^ =^.] 

(/) Show that the integral (2) § 5*151 is uniformly convergent 
with respect to t in ^i>0. [See 5° §5, 

Appendix III, respecting (c), (/).] 

5. Prove that I converges uniformly with 

Jo 

respect to p in the range p real>0, if -1. The latter 

restriction is essential for convergence at the lower limit. [See 
§ 1-21 and 2° § 8, Appendix III.] 


6. Determine the conditions for convergence of e~~^^J^(at)dt, 

J 0 

p and a being complex. [i2(p+ta)>0, i^(p-ia)>0 at the upper 
limit, jR(v)> - 1 at the lower limit. See § 1*21 and 2° § 8, Appendix 
III. The first two conditions, which pertain to the upper limit, may 
be obtained by using the asymptotic form of the Bessel function. 
This includes a factor of the type cos [(x +iy)t - ix], expressible in 
terms of exponentials.] 


poo 

7. Show that I g(t)dt is divergent when g(t) ==t^Jn(t) ] 

; m integral >1, n integral > 0 ; 
sin^t; ro(*yO ; Ho{t) [use Ho(«)~i'oW+4 when t is large]; 

TTv 

Jo(f) sin t ; e/o(0 cos t ; ; sin l/t ; Jo(l/t) ; [in two latter 

cases use lower limit 1]. Explain why each integral is divergent. 
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8. Evaluate I f(t)dt when /(<) = («) Jy(t), R(v)> -1 ; 

J 

(b)Jy(at), 2i(v)>-l; {c) J,{t)lt, R(v)>0; (d)t-^l^smt, 

(e) K,(t ) ; (/) Ky{at), -l<R{v)<l; {g) (h) tK^{ty, 

{m) -l<R(v)<\. 


In {a)-(h) inclusive Ai=0, whilst in (j)-{m) — [(a) 1 ; 

(6) 1/a; (c) ljv\ (d) \/7r/2; (e)|7r; (/) 7r/2a cos Ivtt; (g) l/a^; 

W l^r ; (j) ; (Aj) (1 - e-^^)lah ; (1) 1/a ; (m) e-^^a]. Taking 

1 r 

a = 1, 1 / = - 1/2 in (6) show that C(t) = -j^ cos x dxfjx-^ when 

v 27 t Jo 

+ 00 . In (6) if V = 1/2, 

sin a: cZaj/^a:*-> I when + oo , so lim (7(0 =lini /S'(^). 


9. Confirm the following results : 

/ \ f'* r f cos an ri/Vl-a^, 

'“•J. 

W J e^^^^KQ{t)dt-{\7T sinh~%)/>/i ^-a2 ; 



j cos (x,t\ . ( jTj2\ll +a2 

I sin at J I sinh“^ a/\/l + a^ ’ 




j cos aco ) 
[ sin aco f 


a real> 0. 


[Write ± ia or ± ico for p in the appropriate Laplace 
integral, prove that it is convergent, use the list, equate 
real and imaginary parts in (a) (c), (rf).] 

10. Confirm the following results : 


(a) sin wtJ 2 n(<j^c^)dt ==Bm (2n a)/ J i -a^, 0<a<l; 


Jo 


(b) 


= ( - l)«/>/i2 _ 1 (a + Va2 _ i)2n^ a>l ; 

2n+i cosaj<t/.2n(^c^)^^ = cos(2wsin'^^a)/N/l -a2,0<a<l ; 


= 0, 


a>l ; 


(c) ft), r 7oK<) ( "I I (ft = f — , 0<a<l ; 

‘Jo ‘Usmft)M l2sin-io/Wl-(»* 
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'«> {.r ir""' »<- 

where a^ajja)^, n a positive integer. 

(/) Show that 

CoJ‘”+'^ [o ®'‘''“''^2n(‘«0<)«^< = l^'2«(COS 6) ±iU 2 „(cOS 0 )J/cOS d, 

with cos 8 = Jl- Tgn, ?72 w are Tchebychev's 

functions of the first and second kinds of order 2n. 

poo 

[Prove that I e~^^*f{(x}Ji)dt converges if 
Jo 

w^^oi and/(aic^) =»/2n(^c^)> ; 

write i(x) for p in formulae in the list.] 

11. Justify the inverted order of integration in (a) §5*161; 
(6) §5*162, 

12. Verify that 

Jo Jo Jo Jo 

13. hlvaluate the t integral on the r.h.s. of Example 12, make a 
suitable change of symbols and obtain the result 


14. Prove that 


j) I «-»>*-** a:" dx = 

14. Prove that 

f e-^^^dt\ e-^^'^Hdx=^\ dx[ =7r/2ac. 

Jo Jo JoJo 

15. Establish the validity of the inverted order of integration in 
the following case : 

r .J sin xt ,, -1 . Idt ^ , 

p jz — dt dx ^ sin xt dx, 

.lo LJo(l+«^) _ Jo(l-H«^)Jo 

and show that the value of the repeated integral is 7rp/2(p + 1). 

16. Prove that 
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8*3. Derivation of theorems. Establish the theorems given 
below ; specify all the essential conditions, and enunciate each 
theorem formally as in Chapter II. 

2. /(«-loga)=a-J’^(|>). 

3. = 

4. {t djdt)'^f(t) = ( ~ <l>(p), where 

(v~J 9iv)^v-l^[v±g(v)l^. 

5. (o) «"/'(<) = { 

(6) commencing with §2-13, show that </(<)=■ 

6. {a) - r~(rf 2 ))"; 

(^) 

8. (o) fi fi... ri/(<)(*)"=(-'r}>(i^)''»(t>)/ph 

(6) if/i(«)=<^i(p), 

then £ /i (t) <f >2 (t) dtit = ( 2>)/2 (p) (ip/F. 

poo 

[Commence with I e-f*fi(t)dt =<j>i(p)lp, multiply both sides by/ 2 (p) 
and integrate with respect to p from 0 to + oo .] 

9. |V(<-A)/(A)dA=^2(p)/p. 

10. /(«)-« £e-«»^/(t-A)dA--^^^(p). 

11. r = [Use §2-25.] 

V 0 P 
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12. ^ [Use §2-25.] 

Jo - I 

13. U >/t/^Ji(2Vte)/(a:)<la; = ^(l/j9). [Use §2-25.] 

1 ± r dor = 

■Jor(a; + l) "" logp h(p)=\ogp.'\ 

15. Show that if e-^^f'(t) are bounded and continuous in 

^>0, then J jQ(2^/tx)f'(x)dx=><l>{l/p) -/(O). 

16. x~^^J^(2s/xt)f{x)dx=^p^-^(l>{l/p),R(v)'>-l, [Use§2*25.] 

17. Jtfi{t)=>(l>(p) and/2W-/i(2>), then 

19. In §2-24 take fi(t)=><l)i(p), / 2 W=^W==P> and we obtain 

f /i (A) I (t-X)dX^ f f, (t-X) I (A) dX = A (0 . 

Jo Jo 

Discuss the validity of this result. 

20. If fi{t) =*(l>i(p)} ^^2(p)> fzW ^^3(p)> 

f f /i(Ai)/ 2(A2)/3(^ “ Ai — A2)rfA3^dA2 =»<^1<^203/P^> ^>>Ai+A2. 

Jo Jo 

21. Establish the theorems in 4-8 above if t is replaced by 

22. If/(aV?2Tp)=^0(^), 

Ji ( JpP 

24 . njpdi,r^dp. 


23 . ['.^'“> 41.1 

r^c 

J> > J 

Ip p 

24 . r/<~> 4 <= 

c^<f>{p)^ 

J< f 

Jo P 

f* » dt 

fiCO 

26 . /(aM)- = 

J, 


26. Deduce (a) theorem (1) § 2*243 from § 2*25, (6) theorem 8& 
above by aid of § 2*25. 
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27. Show that 


(p) - 0(j))]/i) - [<!>' ip) - <p (p)yp 

P-^+Oj 

and state the requisite conditions. 

28. If /(a:; e)=>^(,p; e) 

suppose that f(x; e) ->f(x) and e) (p) when c ->0. 
Under what conditions does the relationship /(ic)=»^(2>) 
hold? 

29. Commencing with tf(t)=> -p-^[0(p)]y apply §§2-21, 2-23 to 

show that j* = that J • State 

the conditions for the validity of these results. 


30. Under what conditions is J /W^- = j* <f>(p)dp'{ [Commence 

poo poo p poo -1 

with J <f>{p)dp=^\ IpJ e~^*f(t)dt \ dp, and invert the order of 


integration. 


8*4. Laplace transforms, application of theorems. 

L Obtain the L.T.S. of the following functions : 

(a) 6“®^ sin^ hi ; (6) cos^ ht ; (c) sinh^ ht ; 

(d) 6“®^ cosh^ ht ; (e) erf t. 


j^(a) 2b^p/{ p + a) [( p + a)2 + 46^] ; 

(c) 262^/(p +a)[(p +a)2 -46‘^] ; 

erfc J (P + a)- ] 


(M (_^\r (p+«)^+2 6n. 
^ '\p+aJ L(p+a)*+46*J’ 

id) ( p ) r 

^ Hl)+a/L(p+a)*-46*J' 


2. Use L.T.S. to verify the following recurrence formulae : 

(a) Jq (t)— ~ f/i (<) ; (6) 2J / (^) = J (^) - J (t ) ; 

(c) <j;(0 ; (d) (0 ; 

(e) 2v/,(«) W -7,^, (e)]. 

3. Using the recurrence formula (t) = show that Ki(t) 

has no L.T., i.e. prove that I e'^^^Ki(t)dt is divergent. 

Jo 

4. Given that ^he L.T. of 

7o(>/t*~260, 
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5. Show that 
d 


- h^) =at 




[Use the L.T. of lQ{as/t^ -b^) and apply 22, § 8*3.] 
G. Prove that 

dt+a^* JjJ^ dt-\a^b{t-b) 

=>-s/p^ 

where u = - b^. 1” Commence with 


j : 




g_pt (e-6p _ e-i.Vp«+o»)^ 


differentiate both sides with respect to b after proving the validity 
of this procedure, and use the recurrence formula 




7. Interpret [1 + (p/a) - (.s/a)], where 5 = vp2 -a^. 

j^/o(a 2 i) +{t-b) — ■ : use Example gJ . 


8. Show that if f(t) is a monotonic increasing function and ~^A, 
a constant, as + oo , the area between the curve y =/(0 and its 
asymptote in the range i = (0, +oo) is lirn [A -^(p)]/p, provided 

3?— >+0 

J [A - f(t)] dt converges uniformly as p-> +0. 

9. In Example 8, if ^ (0) = A , show that the area is given by - <^' (0) , 
i.e. lim [A -cf) (p)]/p = - <^' (0). [Expand using Maclaurin's theorem]. 

3>->+0 

10. In Example 8, if ^ is replaced by the area over the 

range t^{b, +oo ) is expressed by lim -<^(p)]/p. 

p ->+0 

11. Prove that the centre of gravity of the area in Example 8 is 

distant lim [(1/p) +<^7(^ “<^)] of f(t). If <^(0)=.4, 

p— >+o 

show that the distance in question is -(f)" {0)/2(l>' (0), 

12. Prove that the square of the radius of gyration of the area 
in Example 8 about the axis of f{t), is 

lim {(2/p2)+[(2f/p)-f']/(^-<^)}. 

p — ►+0 

13. In Example 12, if ^(0)=A, then "(0)/3^'(0). 
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14. Verify that J jQ{2slx{t - x)] xdx=^\t sin t, 

15. Show that j* -x^)I{x)dx=jQ{t), I(x) being an im- 

pulsive function as in § 2*19. 

16. Show that 

(а) I -x^)xdx=^tJ^{t)\ 

Jo 

(б) if I pxJQ(x)dxlJp^x^ + 1 

Jo 

then I JQ{x)jQ{tlx)dx^jQ(2Jt), <>0,^real>0. 

Jo 

17. Showthat J e-^*g(t)I {t)dt = l, i£ g(0) =1, 

18. Show that j* JQ{Ji^ -x^)I(x -b)dx=jQ(Jt^ -b^). 

19. Show that (a) J = A>0, ^>0 ; 

(6) { lQ[2s/x(t-x)]xdx = lt^mht. [Apply §2-251]. 
Jo 

20. If the area between w cos cot and the t axis from 0 to 7r/2a) is 
constant, show that as a;-> + oo , the L.T. -^p. 

21. Show that 

(а) P e~^^f*^x^f^dx { Ji{2^lxy)cosyy~^f^dy=^^/7Tt(l-e~*). 

Jo Jo 

[See 16, § 8-3 and (3) § 2-253.] 

(б) Using the formula in Example 20, § 8-3, establish the 

relationship 

f f xf'~^y^~^{l —X — yy~^dx dy = r(cr) r([jL) r{v)ir(a fjL -hv)y 

Jo Jo 

B (a), B (/x), and B (v) > 0. 

22. If in Example 21 (a) Jo(y) replaces cos y, show that the result 
is JrrteTfJt. 

23. Verify that e-««/« cosh xdx= Virfe*, «>0. 

J 0 

24. Show that if (m - n) > - 2, 

j* e^^f^*Hen{x/j2t)2f*^dx=2^^»j7Tm\ti^”^-^^yr[^{m-n)A‘l]- 
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25. Prove that e-'®»/4«U* h&!lydT^dx^\l27rtS{t). 

26. Prove that j* h&tydy^dx^j2'iTtC{t). 


27. Show that 


j*°° (au) Jq (bu)u du = (abl2t), t > 0. 

28. Show that I^J c^aJ /(A)=J ^^j jj /(A)(^A, 9i>l. State any 


restrictions onf(t), 

29. Establish the following results and verify each step in so 
doing : 

^ dx = Ine-i ; (b) £ e-*»* dx = | -Jnft ; 


(») r 

Jo 

(c) f* 

Jo 




(l+a;2)' 

isiii tx^ dxjx = {tt ; 

f» poo 

(e) cos dxlJx=s/7Tl2t given that I dy/(l +y^) =ttI2J2, 
Jo Jo 

30. Verify the following results : 

(a) J c" ^ ® Jq (^) = sech ^ ; 


w|; 


20 

e-mnbey (t)dt= - — sech»; 

0 


(c) j“ =£ T~] sech 6 ■ 

e-tsinhej ^ (<) dt = e-'* sech 7? (i^) > - 1 ; 

e" < siiiho gin i = sech^ 6 ; 


(rf) r 

Jo 
(•00 

(/) J cos tdt= tanh 6 sech 6, all for d real > 0. 

[Put sinh 6 =p and use the list.] 

31. Confirm the following results and justify the implied changes 
in the order of integration : 

(a) |Vo(«-A)Jo(A)dA=sin«; (6) |‘7o(< -^) sin AdA=«Ji(«) ; 
(c) jVo(«-A)J,{A)dA/A=J,(«)/v. i«(v)>0; 

O M.O.O. 
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(d) J /o(A)/i(<-A)dA = cosh<-7o(l); 

(e) J /o(<-A)/(,(A)(iA«smh<; 

(/) |‘-S(A)C(«-A)dA = i(<-sine); 

(g) I IgU - A) sinh A (t) ; 

(h) j‘/o(«-A)/,(A)dA/A=/,(«)/v. R(v)>0; 

(i) j*^ sinh A sinh (t - A) dA = (t) dt ; 

(*) j‘j_,(A)J,(<-A)dA=sin<, -l<R(v)<l; 

(1) f‘7,(A)J^(<-A)dA/A = J„+,(<)/v, R(m)>- 1, iJ(v)>0, 

(m) £A<‘7^(A)(«-A)>'7,(t-‘A)dA 

= r(M + 1/2) r(v + i/2)«<‘+>’+i/v^+,;i/ 2(«)/ V^r(,x + V + 1), 
R{n)> -I, R{v)> n + v + l^O; 

(n) J Ji{t-X}JiQ(X)d\ = +^nYff{t), 'where 

fiCO 

J (t) = J Jq (x) dxjx. 

In each case, except (a), (e), (j), the result can be represented 
by a second integral which should be written down by the reader. 
Note that in each case the function on the r.h.s. is zero at the origin, 
since both the limits of integration are then zero [see end of § 2-24]. 
Since Jo(0) = l, in (1), 

32. Interpret each term of (5) §7-12 and obtain the Maclaurin 
expansion of f(t). Apply (6), (6) § 2*24 to the integral term and 
obtain the remainder 

Rn = -A)A»-idA/(» - 1) ! 

=J>«)(A)(« -A)«-idA/(n - 1)! [i>,<l>2/p • P • 
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33. Commencing with f{t-h) and proceeding as in § 7‘12, obtain 
the Taylor’s series with remainder 

= f ^ - 1 ) ! = f - A) (« - A)^~i dX/{n - 1 ) ! 

Jo Jo 

[PhU. Mag., 86, 695, 1938.] 

34. Show that if m and n are positive integers, or if (m +n) is a 
positive integer, 

J*^ ^2ni (A) «^2n ~X)dX — Jgn (A) *^2m ““ A) dX 

= ( ~l)-^-nsin« ~2{Ji(0 -JaW + ...+( 

j^See procedure in § 5*144 : 

2'0 ^2«i+2n+l /« 

-P !■“*“/(?’ + 1) - 

'' { "(T^ +(- ; 6.(7^ .J,)]. 

35. (a) Taking 

p/{p^ + l)={pfjp^ + l)2bl(l +b^), with b = \/p^ + l-p, 

00 • 
show that sin i = 2 2 ( - l)’’t/^2r+i(0* 

r-O 

(6) Taking 2pb = (1 ~ 6^), show that 

cos^==JoW+2 2J (-iyJ2r{t)- 

r=l 

36. Verify the following results by aid of § 2*22 : 


(а) [Jo (t) - cos #] dtjt = log, 2 ; 

(б) J e~“‘ sin 6t Jt/t =tan~^6/a, a>0, 6t>0; 

(c) J* (e”‘ =log,a:, a;real>0; 

(J) [e-®* - Jo(6a;)] J*/* =log, (6/2a), a>0, 6>0 ; 

(e) 1 [Jo (6a:) - Jq ( aa;)] Ja;/a: = log, (a/6), a, 6>0 ; 

Jo 

^00 

(/) (cosa;«i-cosa:«2)^^*^/i*^=logg(V^i)» ^i, 

Note that none of the integrands has an infinity at the 
origin, a point readily verified by expansion. 
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37. Verify that 

f*Jo( 2 N/^)dA/v'A=e-i 2 ( -ir2»+i/*ffC2„+i(V20/(2n + l)! 

Jo n =0 

38. Show that f L„{t-X)dXj^X=He2„+i{Jt). 

Jo 


39. Show that (a) 


e cos 2« = ir ( - l)«2«Zrej„(«.y2)/(2»)! 

«==0 


(6) e-i cosh 2« = J? 2’>He^„{tJ2)f(2n)l 
»=0 

Compare 42(a). 

40. Show that 


(a) 


esin 2« = i: (-\)'^2'^^mie^„+i(t^2)l(2n +1)! 


w ==0 


(6) e-isinh2« = S 2»+'^l^Hei„^.i[tJ2)l(2n + \)\ 

»-o 

4L Consider the convergence of the four series in 39, 40, and 
verify that the conditions in § 2*18 are satisfied. 


42. Confirm that (a) cosh {2Jt) 


n-o (^n)V 


c 2 °° t 




2”n! 




){2n + l)! 

43. Obtain the expansions of the following functions from their 
L.T.S. : 

(a)J^{t); (b) I lit); (c) sin^^; (d) cosh^^; 

(e) \)eT^2Jt-\-hei^2Jt; (f) erf 1(2 Jt. 

44. Given that KQ(2^t) - log \ltlQi2Jt)^e^l^ log p, show that 

-[y+log S^~Q{r + l), 

where 12(rH-l) = l +2'*’3’''’ ' +y- 


45. Given that 


J,{t)= 2:(-l)"(i<)*'+*Vr!r{i/ + r + l) 

=’P/'/p® + l(p + >s/p® + l)‘’, 1 , 

by differentiating with respect to v show that 

-[log TiTfTTTT) J 

= -2plog (p + o/p^ + U/Wp^ + lip+v^p^ + l)*', jB(i')>0. 
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46. Using the relationship - obtain the result 

77 Lw Ji.=0 

7o(«)=|[log mJoit) 

= -2^ log (p-^s/p^ + l)/TTs/p^-{-l, 

47. In 46 when r = 0, the first term in the expansion is ~^(1) =y 
Euler’s constant. Show that 


,«)-?[(: 


;y + log(J<)}«^o(<)- 


“ (l«)^7^(r + l)-l 


This should be compared with the formula in 44 when t is written 
for 2Jt on both sides thereof. Also obtain the expansion for KQ{t) 


using the relation 



-Ko{t)- 


48. In 43-47 confirm that the conditions in § 2*18 for term by 
term interpretation are satisfied. 

49. Provo that if f(t) has a Maclaurin expansion, ^(p)->/(0) as 
+ 00 . Test this, using functions from the list. 

50. Explain why the lemma in 49 is inapplicable to functions like 
log ty Po(0> ■^o(0> holds for v non-integral and > 0. 


8*5. Integral, ordinary differential, and partial differential 
equations. 

1. Solve the integral equations : 

(a) fit) -a {'fit) dt=^l; (b) f(t) = cosh t - f /(A) (t - A) dX 

Jo Jo 

(C) /(<) =A(<) {t-X)dX, where A(<) is given ; 

(d) f{t)=h{t)+jj(X)e-<^-»dX; 

(e) m =/i(<) ; (/) Jy(A)/(< - A)dA =sinh t. 

[(a) ; (b) 1,(1 ) : (c) /i(<) = 

(d) A(<) +|‘a(<)‘« ; (e) |J‘e*A(< -A)<fA ; (/) hit). 

Substitute the L.T. of each side of the equation.! 


o2 


M.O.C. 
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2. Solve for y{t) the equations : 

(a) 2 /+a) 2 [ [ 2 /(T)(dT )2 = l ; (6) y-^a^ \ y(r)dT^a. 

JoJo Jo 

[(a) cos cd ; (6) sin at. Substitute the L.T. of each side.] 

3. Solve : <l)(p)dp==0. 

jp 

erfc ( 1 ^)^ ^ a constant. Interpret in terms 
of ty solve and find the L.T.J 


4. Solve : 


poo 

4>ip) -p 

Jp 


- dp ; 


!>) y+“® 


ydt = l. 


j^(a) <l,=^a^l-pe^Ei{p)}; 

(b) ^ (^n/ 3 sin ^ at - cos ^ 

5. Solve: <l>-¥ci)^p f f -{dpY=^a^. 

ip h V « 


[<^ «a2{l ~cap[sin ojp ci(a>p) - COS ojp si(a>p)]} ; use Example 
(6 (a) ) § 8*3, interpret in terms of f , solve and find the L.T.] 

6. Solve the following ordinary D.E. : 

(a) y+4y + 3y==0; (6) + 4^ +3^ ; 

(c) mij-^-ry-i-sy^O; (d) ij + 2y +y 

the initial conditions being y^y^, y' -Vi at < = Verify that each 
solution satisfies the corresponding equation and the initial con- 
ditions. 

7. Solve : 

(a) D^x-x^B; {b) Dh:-j-9D^x+29D^x+S9Dx + l8x^B, 
subject to quiescence at <=0, D=d/dt. 


j^(a) x = \B (cosh ^ + cos i - 2) ; 


- 3 t/ ll^ 


1 e-‘ c-*‘ e-»‘A llNIl 

{b) X -B ^3 31 4+2- 6\'‘'6//J' 

8. If x^^^^Xn at ^=0, what is <f>^(p) the L.T. of the initial con 
ditions function for the equation 

(Z)4 + 10Z>3 + 35D2 -I- SOD + 24) a; = R ? 

[^3 + 10i>^ + S5p^ -f- 50p) H- Xi (p^ + 10p2 4- 85p) 

-tX2(p^-hl0p)-hX3p.] 
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9. Solve the equations in Example 7 if -B is replaced by I(t) the 
impulsive function of unit strength. 

j^(a) 2a; = sinh ^ -sin ^ ; (6) = ^ + 

10. Solve (1) § 3*11 if e-^Ms replaced by I (t). [^2/ • 

11. Solve (1) §3‘11 if is replaced by /(it), and the initial 
conditions are 

, .... r sin ^ sin atl 

y^VQ^y =yiate = 0. y = -— +y^cosa^+i/i— — . 

I- ^ cl J 


12. Solve the problem in §3*18 if the applied p.d. were Alit). 

\I = (A jL) cos (xit - (hQq sin a><, = 1 jLC, 

A has dimensions p.d. x time]. 

13. Solve +!/ = /(<), subject to quiescence initially. 

[y = J{e-‘+el‘(V3 sin 73«/2 -cos V3t/2)}]. 

14. Solve D^y -ahj with y' =yi at ^=0, 

= 1 /{b^ - a^) I + 2/o at sinh at ]^ . 

15. Solve 14 if b^ = a^, jj/ = sinh at + y^ cosh at - • 

16. A p.d. E is applied at f=0 to an inductance L having resist- 

ance B, initially quiescent. If E-Eq a constant, show that the 
current at any time ^>0 is I ==(EqIB){1 If E = EQf(t), 

where /(f) =<^(p), show that I^iEJL) f e~^^l^^f(t-X)dX. 


17. A p.d. AMs applied at f = 0 to a capacitance C in series with a 
resistance E, the circuit being quiescent initially. What is the 
current when f > 0, if E=Eq a constant? [I = {EQ/E)e-*I^^. At 
t — 0 the uncharged capacitance behaves as a short circuit, and the 
current rises precipitately to the value EJR. Thereafter the capaci- 
tance is charged according to the law 

18. In Example 17 if E =f{t) show that 

19. Confirm that a capacitance C in series with inductance A, 
each being shunted by resistance jB, behaves as a pure resistance 
whatever the form of applied p.d., provided CR^^L. 

20. An inductance L of resistance is connected in parallel with 
a capacitance C in series with a resistance R^, Show that the com- 
bination behaves as a pure resistance to all forms of applied p.d,, 
provided R^ =^2 
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21. Investigate the case in Example 19, where the inductance has 
inherent resistance 

22. Solve the simultaneous linear D.E. : 


^ = sin cot, + subject to quiescence initially. 




1 


be-^* 


^-at gin ^ ^ 

b (a^To?) ~ (a-bf “ o>sJc^T^^sJ(a - 6)2 + a>2/ ’ 


= tan“^ <x) (2a - b)l(ab -d^+ oj ^) ; 


X= -Ao) 


' I &(l-e-^0 

(a^ + o)^) (a - bY + 


6 [sin (6^ + ^ 2 ) - sin ((xit + 9y^ + ^ 2 )] 1 
W (a^ + 0 ) 2 ) N/(a - 6)2 4 - 0)2 / * 


e. 


== tan~^ o)/aJ . 

23. A coil having inductance L is coupled electromagnetically to 
a similar coil shunted by a capacitance C, the mutual inductance 
being M. The system is quiescent, and at ^=0 a constant p.d. 
Eq is applied to the first coil. What is the current /g through C 
when ^ > 0? 

where k-MjL, the coefficient of coupling, and o) = IjiJLC-Jl -fc*)]. 


24a. Solve the problem in §3*211 
Ea 


/ - Q-nmL 

2R^ J* 


if jBi = i?2> Li^Lg, k-\. 


246. Solve §3*211 under the conditions in Example 24a, but with 
E =jfeJo sin wt. 




+ -==r= COS (wi - tan~^ (jS/co)) [ , with p = RI2L 

V j82 + 0)2 ) 


25. The equations for an electron moving in a plane parallel to 
that of the paper, between two large flat parallel plates perpendicular 
thereto and separated by a distance h are : 


dh „ „eda; 
m-T^^Ee-H--^\ 


'dt^ 


cdt 


m 


d^x 

dfi" 


H 


edz 
cdt ' 


where m = mass of electron, e = charge of electron, jE? = electric field 
strength between plates in z direction, H = magnetic field strength in 
y direction, c = velocity of light, x, z horizontal and vertical co- 
ordinates in plane of paper. Take quiescent initial conditions, 
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assume the electron to start from the lower plate and determine its. 
trajectory when constant E and H are applied at ^ = 0. 

[x =A(o)t — sin <ot), 2 (1 — cos A=Ecj(x)Hi a)=^Helmc. 

X, z are the co-ordinates of a cycloid generated by a point on a circle 
of radius EcjcoH rolling on the lower plate with angular velocity co. 
If ^ > 2EcmlH^e the electron fails to reach the upper plate, md^zldt^, 
md^xldt^ are the accelerational forces in the z and x directions ; Ee is 

the force in the z direction due to the electric field, whilst // ? ^ 


,edx 


c dt ’ 


^ cHi forces in the 2 , x directions due to the respective 

6 dz & dx 

currents - ^ by virtue of the motion of the electron.] 

c dv c (tit 

26. A heavy disk, having moment of inertia 1 about its axis, is 
suspended centrally by a vertical wire rigidly fixed at its upper end. 
The inertia of the wire may be neglected in comparison with its 
torque stiffness r per radian. The system is quiescent, and at ^=0 
a torque T -Tq(\ -er^^) is applied which causes the disk to turn. 
What is the angular velocity and displacement at any time ^ > 0? 

dT' ( p—ai 1 ^ 




aT. 


17(12 4-62 
j a 1 


/7a2 4-62 I 627a2 4-62 

- ~ cos (6^ - tan“^ (6/a))| ^ b = 


Vt//] 


27. A rigid loud speaker diaphragm (conical shell) of effective 
mass has an elastic centering device of axial stiffness s, and 
negligible inertia. The resistance due to frictional loss and sound 
radiation is per unit axial velocity. The diaphragm is at rest in 
its equilibrium position, and at < = 0 a force AI (^) is applied centraDy 
and axially. What is the axial velocity when i>0 ? Take s>r/l4mg 
for an oscillatory system. 




com. 


(co cos o)t ~a sin co^), a = 1 , co 


m- 


^ m. 4m-2 J 


At ^ = 0 the axial acceleration is infinite momentarily ; at ^ = 4- 0 the 
diaphragm commences to move with a velocity A/m^. This is the 
‘forced’ initial condition mentioned in Appendix VI. As 

the acceleration is (dvldt)t-^^o=^ -Arjm/^. 

28. An electrical relay has a resistance of 5 ohms and an induct- 
ance of 0'16 henry. It is connected in series with a resistance of 
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3 ohms and a battery of 100 volts. A current of 4 amperes through 
the winding actuates a contact which short-circuits the 3 ohm 
resistance. After connecting the battery, what time elapses before 
the current reaches 0-95 of its final value? 


29. Solve the linear partial D.E. 


g^ = CR-^, subject to the 


initial condition JS/ (a;, <) =0, <-> -0, 0<a;<i, and the boundary con- 
ditions (a) E(0,t)=0,0^t<oo , (d) E(x, t) a constant, a; = Z, <>0. 
Here E^ is the p.d. in an unloaded cable at a point distant x from the 
far end (a; = 0), which is connected to earth. A battery of voltage 
E^ is applied at ^ = 0 between x^l and earth. 

r 1/7 —til f t^l1\ _!_<>?/ _ 1 \ n - n^nHll^CK (nTTXjl) ] “] 




30. The current at any point of the cable in Example 29 is given by 
1 BE 

~ D * Prove that the series for E^^ is absolutely and uniformly 
R ox 

convergent if i>0, and hence show that for 0<a:<Z, 

I^ = {EolRl) fl + 2 ^ ( - l)«e-««/i’c'»cos {ntrxll)] . 

I «=1 J 

31. Verify that (1), (2) § 4'21 may be combined to give the P.D.E. 

B^E B^ E BE 

= LC-^t 5 - + (CR + LG) ^ + GRi!/\ and obtain the transform 
3x^ Bt^ 01 

equation with = (Lp + R)(Cp + G). 

32. Apply (8) § 5-27 to 30 when x=^l, and show that 

l^ |l +2 . 

[Write ttHI^CR for t on both sides of (8) § 5-27.] 

33. A spherical copper ball of radius a =5 cm. is at a uniform 
temperature of ^q = 15°C. At ^=0 it is plunged into water at 
^^ = 35°C. Assuming the water to be in circulation and its tem- 
perature drop negligible, what is the temperature at any radius r<a 
when ^ > 0? The D.E. for heat diffusion in a sphere is 

Br^ ^ r Br k Bt 

34. Plot a curve showing the relationship between central tem- 
perature and time in Example 33, if the diffusivity 

A; = 1-13 cm.^ sec.”^. 



EXAMPLES 


205 


„ , d^e dd 
35. Solve = 


= 0, subject to the initial condition 


-2 f ( - l)ne-nWlci* sin (I _ a;)/Z]/n 7 T|] . 


e(a;,<)=20°C., f^-O, 0<a:<l, 
and the boundary conditions 

(a) e(z,t)== -10°C.,z=0,t>0; (b) e{x,t)=20°C.,x=‘l,t>0. 

|^0 = 2O°-3O°|~+: 

36. In Example 35, 6(x, t) is the temperature at time t of any 
point, in a homogeneous rectangular slab,* distant x from the plane 
face at 20° C. The parallel face is at - 10° C. as in the case of a 
refrigerator. To maintain the lower temperature, heat must be 
1 dd 

extracted at a rate ^ ^ ^ P®** area, R being the thermal 

resistance per unit area per unit length of slab in the direction of 
heat flow. Show that the series in Example 35 is absolutely and 
uniformly convergent if ^>0, and that when a: = 0, ^>0, 


'RrRlnti 


l/c=A; the diflfusivity. 


37. The partial D.E. for radial heat diffusion in a long circular 

T j r 11 XL dW I dd I dd ^ ^ 

cylinder of radius a and length I is r 9r ~ ^ ^ 

^(r, t) is the temperature at radius r and time k being the dififusivity. 
Solve this equation subject to the initial condition 
d(r,t)=0, 0<r<a, 

and the boundary conditions 

(а) d(r, t)—dQ a, constant at r =a, ^>0 ; 

(б) ^(r, finite at r=0, ^>0. 

\e=eJi-2 z , 

I n—L ^n^l\^n)y 


where a„ is the lith positive zero of • 


8*6. Discontinuous functions^ Fouriere xpansions. 

1. Prove that the L.T. of \ . is 

= 0 J «<0, t>h 

; 0, h)= ~ [h^ + 

+ n(n- 1 )^””^^“^ + ... +n\p“^] +n\p^^. 

* The edges of the slab are thermally insulated, the heat loss there- 
from being negligible. Alternatively, the slab is large enough for loss 

from the edges to be too small to affect the temperature distribution over 
a proportionately large central section. 
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2. Show that the L.T. of a semicircle of radius a, commencing 
at and repeated indefinitely, is /(^) =7rae'"®^/i(ap)/(l 
What is the corresponding Fourier expansion? 


[/(«)= a 


i7r+ ^ ( 

n=l 

This series converges uniformly as t 


n—l 


1)”— COS (mrtla) 
50 j 


1 . 

n • ' '/ 

+ 0, also/(0) =0, so 
J 1 (UttY 


3. A voltage pulse of rectangular form, having unit amplitude, 
duration is repeated at interval Show that the corre- 

sponding Fourier expansion is 


O 00 1 

{hJh) +~ 2* - cos 

TTn^in 


2 TTn 

h 



[The form is akin to that in Fig. 22 but the duration of the pulse is 
small compared with the interval between consecutive pulses]. 


4. A function representing a radio-telegraph wave-form consists 

of n cycles of sin cot commencing at ^ = 0, followed by an equal 
quiescent interval. What is the L.T. if the function is repeated 
indefinitely ? [o)p/(p^ + a>2) ( 1 -f- e- 2n7r2?/a>) j 

« 

5. What is the Fourier expansion corresponding to the function in 
Example 4? 


6. Find the L.T. and the Fourier expansion corresponding to the 
following continuous wave-form. Show that the series is absolutely 
and uniformly convergent. 





fl _ e-ph-\ r g 


^ COS (2n + \)TTtlh~\ 
n=.-0 (2^rrT)2“J.* 


7. Derive the L.T. and the Fourier expansion for the following 
continuous wave-form. Show that the series is absolutely and 
uniformly convergent. 
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8. Find the L.T. of the maritime distress signal ‘ SOS ' in Morse 
code as illustrated in the diagram. What is the L.T. if the signal 
is repeated indefinitely? S is represented by 3 dots, and 0 by three 
dashes, a dash being three times as long as a dot. 



9. A note at the top of a pianoforte is repeated at equal time 
intervals h in a room acoustically dead. The sound lasts for a 
time hi<h during each interval, the damper being effective for a 
time (h-hi). If overtones are negligible and the sound-wave has 
the form cos cot for an isolated note, what is the L.T. and the 
Fourier expansion corresponding to the repeated note? 


10. A p.d. corresponding to the letter S in the Morse code (see 
Example 8) is applied at = 0 to a very long quiescent unloaded 
cable open at its far end. Find the p.d. and current at any point x, 
after each dot has been sent. The signal commenees at tQ and 
terminates at t^ in the diagram of Example 8, i.e. the p.d. = 0 for 
t<tQ and t>ti. The p.d. from to (<o + ^) ^^or con- 
venience we take t^ as 0. * 

[El =Eo{crfc (KIJt)H{t) -erfc {KlJr^)H(t-h)), h<t<2h ; 
Ei=Ei+Eo {erfc {Klslt^2h) H{t- 2h) - erfc H(t- Sh)}, 


3h<t<4:h; 


= ^2 + Eo {erfc (KI'Ji-4rh)H{t-ih) 

-GTic(KI'Ji-5h)H(t-^)h)], 5h<t<(X) , K = lx'^CR. 


The formulae for tlie current are obtained on replacing 
erfc (KlJf-nh) by V{C/TrR(< - wA)]e-*“CR/4((-»A)]. 
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The following abbreviations are used: y= 

+ ^2)1/2; s = (p2_ ^2)1/2^ 8=p-\‘(p^ t>0y 6^0, 

both real. For simplicity we shall take a to be real. In many cases 
it may have either sign, e.g. in circular and exponential functions. 
R ( p )'>0 usually. 


1. 

t-=r(v + \)Ip'’ 

i2(v)>-l 

2. 

(t* - 6*)*’ - (26)'+i/*r(v + 1) A',+, (6p)/7ri'* 

tpv-i/a^ <>6, 


* 

R(v)>-1 

3. 

(1+«2)-i/2^i^^[Ho(p)-Fo(^>)] 


4. 

e-^^=^pl{p+a) 


4a. 

1 ^aj(p +a) 


5. 

e-atp ^ ^ l)p/(i> + 

R(v)>-1 

6. 



7. 

sin at=> pa/^p^ + d^) 


la. 

{tl2a) sin dt =>p^l{p^ -\-a^Y 


8. 

sin at =p tan“^ (a/p) 


9. 

^-1/2 gin t (7r/2)^/2p/(p‘^ + l)^/^[p + (p2 + 

l)l/2]l/2 

10. 

sin2 ^ r;.2/(p2+4) 


11. 

sin^ t =» \p log (1 + ^!p^) 


12. 

cos at =3p2/(p2 +a2) 


12a. 

sin a^t^las/n/p 


13. 

g-ttt gin bt=^pb/[(p-^aY -\-h^] 


14. 

6“®^ cos bt =^p{p -ha)/[(p -{-ay^ +b^] 


14a. 

~ sin ^at- cos af^J ^vKv^ 

+ a®) 

16. 

sinh at =pal{p^ - a^) 


16. 

cosh at =>p^l{p^ - d^) 


17. 

sinh“i ^ = i7r[Ho(p) - ro(i>)] 


17a. 

log^= -y-logp 


18. 

-Ei{ -i)=log (p + 1) 

(see § 6'21) 

19. 

si(t) => -tan-ip 

(see § 2-231) 

20. 

ci(t)=^ log (p^ + l) 

(see § 2-231) 
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21. 

8 (t) => [(!)* + 1)1/* -ij]i/*/2 ( 2 )* + 1)1/* (see 8, § 8-2) 

22. 

C(<) = + 1)1/* +2>]i/*/ 2(2>* + 1)1/2 (see 8, §8-2) 

23. 

tan~i t = sin j) ci(p) - cos p si( 2 )) 

24. 

erf t => ( 1 - erf ^p) 


25. 

erf ii/2=.i/(p + 1)1/2 


26. 

erfc (a/ 2 i^/ 2 ) 


26a. 

^-1/2 ^-3/2^ g-a!V4a« =>2JttP 


27. 

e* erf ^p^^’^Kp - 1) 


28. 

*' [«■“' Cw) 


29. 

[«■'“’ erfc j+e<»»erfc( j] 

erfc ( 2 ^ 


= o* e”*’’’’ '7( 2 > - a*) 


30. 

Jo{at)=>plr 

(see 12a, §8*1) 

31. 

Jj, (a^) => a^pjrR^ (sec 45, § 8*4) i? (v) > - 1 

32. 

t-^J^(at}=a'’pjvR'' ^ 

R(v)>0 

33. 

1 2 (a<)i/*] = ai’-p-'e-®/*’ 

R(v)>-1 

34. 


(< + 1 ; + 1 ; - 1/p ) ; 

■R(m+ sr) > -1 

35. 

./„ (2o{i/*) (26ti/*) = e“<®®+*’“//r (2dbjp) 

R{v)>-1 

36. 

- (26)-r(v + i)p/l( 2 > +a)* 

+ l]>'+l/2„l/2 

R{v)>-1 

37. 

e-®‘<4‘'J„(2<i^*) =j)e~i//r+«Y(j) +a)‘'+i 

R(v)>-1 

38. 

.-fo(«2/)=2ie-*'’'/r 

t>b 

39. 


t>b 

40. 

/•oo g— 

J, •fo(«y)rf<=— — 

t>b 

41. 

<>fo(®y) =>p^e-'”'{b + l/r)/r* 

t>b 

42. 

a6 (ay) /y (e"*’*' - e- ^r) 

t>b 

43. 

1 (ay)/y = ( P/«)[e“i’'’ «“'”■] 

t>b 

44. 

(ItD* 

t>b,R(v)>-l 
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46. 

Yoiai): 

=> -2p log (i?/a)/77r 

(see 46, 47, §8-4) 

46. 

tYo(at)- 

= (2p/7Tr^)[l-{pjr)log 

(R/a)] 

47. 

YM) 

cos vn — (Rjay^jr sin vn 




-l<R(v)<l 

48. 

Iff {at) 

=^PIS ^ . r. ‘ » ' 

(see 126, §8-1) 

49. 

hiflt) 

=^a^plsS^ 

R(v)>-1 

50. 

■■ 


1 

A 

51. 


r'(/x.+jv + i) p . 
r{v + ^ ^ 

+ 1 ; >< + 1 ; - 1/p) ; 




lt{p + lv)> -1 

52. 

hH) 

=>pe~^^ls 

t> b 

53. 

abli{ay)ly 


t>b 

54. 

ah 

=3 — €r~^'^ 

t>b 


ib y 


55. 

-h) -^-ahi e~ 




Jb 

y 





t>b 

66. 

K^iat) 

= (pls)\og{8la) 


67. 

KM) 

= 7rp[(«/a)v-(a/S)-]/25 

sin V77 




-l<P(v)<l 

68. 

tKM) 

= (pls^)[{pls)\og{8la)- 

-1] 

69. 

tKi (at) 

= (p/«®)[(p/») -(«/«) log 

: (^/a)] 

60. 

ber t 

==p{(p* + 1)1/2 +2)®]l/7[2(i)4 + l)]l/2 

61. 

bei t 

=^p[(p* + ] )i/2 -p^f 7[2 (2)« + l)]i/2 

62. 

ber,22^i/2+bei,22^i/2 

=/v(2/p) 

1 

A 

63. 

HM) 

= (2j)/7rr)log( ^ ) 

(see 12e, §8*U 

64. 

= Lo(ai) 

= (2pl7Ts) sm“^ (a/2>) 


66. 

HeM 

m 

= («!/r) i/ (-!)*( W 
«=0 

>/s\ 



m =: |7i, 71 even ; 

»i = J(w - 1), n odd 

65a. 


= (2w)!V^(l/^>-l)«/2 

”n\ 

66. 

{a/j2t) = 

67. 


= (2n + l)!(7r/p)i/2(l/p 

- 1)”/2»+i/2m! 

68. 

Ln(t) 

= (1-1/P)" 
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69. 

e-*JD„(t) = + l)»+i 


70. 

=F(» + V + 1) (1 - 1/j))"/»!7>’' 

R(r)>-1 


in (65H70) 



” 2"nl 


71. 



72. 

00 On-jj 1 

„fo ^ + 1)1/* 


73. 

Z>4h+i(2<)^/* = H2)V^2n + 1)! (l/i? - 

l)'*/2'*n!pi/2 


ei+i««-i/2 ^ Z)^„(Oi)i/2 = ei/.(^^)i/2 

n^O 

74. 



For additional L.T. see reference [13] 
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Abel’s integral equation, 42 
absorption, in guttapercha dielectric, 90 
addition theorem, 28 
admittance, transform, 59 

per unit length of electrical transmission line, 83 
air-cored electrical transformer, 61 
alternating function, definition of, 14 (footnote) 
anomaly, apparent in L.T. notation, 19 
Appendix I (Heaviside’s unit function), 147 

II (Convergence of infinite series), 149 

III (Convergence of infinite integrals), 155 

IV (Mellin inversion theorem), 177 

V (Proof that L.T. method gives correct results for ordinary 

linear D.E. with constant coefficients), 179 

VI (Solution of D.E. for I(t) when that for H(t) is known), 182 
approximations, 46-48 

argument 16, 17, 20, 24, 26, 39 

array for <f>s(p)i 54 • 

asymptotic expansion, 30 
attenuation, of sound wave, 73 

submarine cable or transmission line, 85, 88 

ber, bei, functions, 107, 108, 119 
Bessel functions, graphs of, 7, 10 

modified, /„(0, X„(f), equation for, 122 
Beta function, 102 

boundary conditions, 63, 67, 68, 72, 75, 80 
as functions of t, 95-97 
boundedness, 5, 184 

cable, unloaded submarine telegraph, of finite length, 204 (ex. 29, 30, 
32) 

very long, 79-82 

loaded submarine telegraph, very long, 82-99 
centre of gravity, application of L.T., 193 (ex. 11) 
changing order of integration in infinite repeated integral, 166-172 
characteristic or surge impedance of loaded submarine cable or 
transmission line, 92 
closed interval, definition of, xi 
complex integration, v, 35, 125, 134-142 
condenser in series with loaded submarine cable, 92-95 
continuity of function, 3, 5, 11, 22 
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INDEX 


continuous functions, xiii, 15 
contour for Mellin complex integral, 125 (Fig^. 18) 
convergence, half ^-plane of, 12, 13 (Fig. 4a) 
value of p for, 12 
of infinite integrals 155-162 
absolute, 157 
uniform, 162 
of infinite series, 149 
absolute, 150 
uniform, 151 
M test, 153 

differentiation theorem, 21 

term by term, conditions for, 154 
under integral sign, conditions for, 172 
diffusion of heat, 63, 64, 67, 205 (cx. 33, 36, 37) 
dimensional equivalence oi f(t) and (t>(j))f 29 
dimension of I (t), 32 
discontinuous functions, definitions, 3, 4 
divergent integral, definition, 155 
series, definition, 149 
dot, Morse, 135 

Ei(-t), definition of. Ill ^ 

electrical circuits, 57-62, 201 (ex. 16-20), 202 (ex. 21-24) 
network symbolism, 59 
relay, 203 (ex. 28) 
transformer network, 61 
transmission line, 78 

electron, motion between parallel plates, 202 (ex. 25) 
equation with integral on l.h.s., 57 
equivalence, dimensional, oif{t) and < 5 ^(p), 29 
erf u, erfc a, graphs of, 64 (Fig. 10) 
application of, 64, 69-71 
erf u, integral for, 118 
series for, 185 (ex. 18) 

Euler’s constant y = 0-5772. . ., 7, 48 

evaluation of integrals, 100-111 

existence of integral, meaning of, 155 (footnote) 

force, impulsive, definition of, 32 

Fourier expansions by Mellin theorem, 132-144, 205-207 
function, analytic, regular or holomorphic, 5 
her, bei, lof, 108, 119 
Bessel, graphs of, 7, 10 
continuous and differentiable, xiii 
discontinuous, definition of, 3, 4 
Heaviside’s unit or step, 147 



INDEX 


215 


function, impulse, 32 
Morse dot, 135 

piecewise continuous, definition of, 3 (footnote) 
saw-tooth, 141 
staircase, 141 

type represented by ^(p), 127 
G, leakance of cable, remarks on, 90 

general formulae for L.T. of function over finite interval, 130 

Ho(<), Struve’s function of zero order, 47, 185 (ex. 12e) 
head of signal in submarine telegraph cable, 85, 86, 88 
heat diffusion, long uniform bar, 63-68 
radial in long cylinder, 205 (ex. 37) 
rectangular slab, 205 (ex. 36) 
sphere, 204 (ex. 33) 

Heaviside’s unit or step function, definition of, 147 
Hermite’s polynomial, 45 

Iq (^), modified Bessel function of first kind, of zero order, graph of, 10 
definition of, 185 (ex. 126) 

(^), differential equation for, 122 
recurrence formulae for, 192 (ex. 2J 
J^(i), definition, 185 (ex. I2d) ' 
impedance, transform, 59 
impulse, definition of, 32, 131 
generator, 142 
theorem, 31 

infinite integral theorem, 36 
series, convergence of, 149 
infinity, meaning of, xiii 

initial conditions, arbitrary fimctions of x, 67, 97 
function, L.T. of, 49, 50, 52, 63, 67, 68, 72, 75, 79 
integral, Cauchy’s principal value of, 156 
contour, 125, 135-142 
divergent, definition of, 155 
equation, 3, 49-53, 199 (ex. 1-5) 
existence, meaning of, 155 (footnote) 
improper, 156 
oscillatory, 154, 155 

integration of infinite series term by term, conditions for, 175 
theorem, 23 

under integral sign, conditions for, 172 
interpretation of L.T., 1 
p*', i2(v)>l, 34 

inversion of definite integral, Abel’s, 42 

order of integration in repeated infinite integral, 35, 166-172 
solution of ordinary D.E. by, 126 
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Jo(^), Bessel function of first kind of zero order, graph of, 7 
definition of, 14 (footnote), 185 (ex. 12a) 
e/^(^), definition of, 185 (ex. 12c) 
definition of, 198 (ex. 45) 
recurrence formulae for, 192 (ex. 2) 

KAt), modified Bessel function of second kind of zero order, graph 
of, 7 

definition of, 198 (ex. 44) 

differential equation for, 122 
ker, kei functions, 47, 48 
Kirchhoff’s law, 61 (footnote) 

Laguerrc polynomial, 107, 113, 114 
Laplace transform, definition of, 1 
derivation of, 116 
for finite interval, 129 
of initial conditions’ function, 52, 53 
list of, 81, 208-211 
original version, 2 (footnote), 23, 27 
p-multiplied type, 2 (footnote) 
leakance G, remarks on, 90 
lemmas respecting c“^®^/(<), 7 
Lerch’s theorem, 3, 5 * 

linear D.E., solution of ordinary, 49-55 
partial, 63-99 
loaded submarine cable, 82 

with series sending condenser, 92-95 
loud speaker diaphragm, motion of, 203 (ex. 27) 

Maclaurin expansion, by L.T. procedure, 196 (ex. 32) 
mechanical analogue of electrical circuit, 58 
Mellin inversion theorem, conditions for validity, 177 
historical note, 177 (footnote) 
monotonic function, definition of, 158 (footnote) 

Morse code, 206 (ex. 8), 207 (ex. 10) 
dot function, 135 

nautical mile, definition in submarine telegraphy, 78 (an ordinary 
n.m. is 6080 ft.) 

non-periodic solution of D.E., 56 

non-zero initial conditions for ordinary D.E., 52 

O, meaning of, xii 
operational form, meaning of, 2 
order of infinity, definition of, 9 

ordinary linear D.E. with constant coefficients, solution of, 49-55 
variable coefficients, solution of, 121, 126 
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oscillation of heavy disk, 203 (ex. 26) 
oscillatory circuit, electrical, 57 
oscillatory series, 149, 150 

partial D.E., solution of, 63-99 
fractions, 49, 50 
periodic impulses, 132 
phase velocity of sound in uniform tube, 73 
0(p), type of function represented by, 127 
piecewise continuous function, definition of, 3 (footnote) 

Poisson’s integral equation, 41 
pole, 134, 136-138, 140, 143 
polynomial, 52, 121, 180 
^-plane, 13 

practical procedure in solving ordinary D.E., 54 
partial D.E., 66 

principal value (Cauchy) of infinite integral, 156 
product theorem, 38 

proof that L.T. method gives correct solution of ordinary D.E., 179 
p, the parameter, 1 

radius of gyration, application of L.T., 193 (ex. 12, 13) 
rational function, definition of, 179 (footnote) 
recurrence formulae for e/„(i), 192 (ex. 2) 

refrigerator, heat extraction from, 205 (ex. 36) 
residues, theorem of, application of, 136, 138, 143 
roots of Jo(u)^0, 205 (ex. 37) [see ref. 11 for values] 

B{v), definition of, xi 

saw-tooth function, 141 

series condenser, loaded submarine cable, 92-95 
series, divergent, definition of, 149 

impedance per unit length of electrical transmission line, 83 
term by term differentiation, conditions for, 154 
term by term integration, conditions for, 175 
shift theorem, 18 

shock waves, comprcssional, in liquid, 74-77 

shunt admittance per unit length of electrical transmission line, 83 
simultaneous ordinary D.E., 61 
partial, D.E., 78 

solution of ordinary D.E. with constant coefficient, 49 
variable coefficient, 121, 126 
solution of partial D.E., 63 
sound waves, plane, in viscous medium, 71-74 
staircase function, 141 

Struve’s function, Ho(i), definition, 185 (ex. 12e) 
submarine telegraph cable, theory, 78 
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symbolism for electrical networks, 69 
symbols, meaning of certain, xi 

tail of signal in submarine telegraph cable, 85, 88-91 
Taylor’s theorem obtained by L.T. procedure, 197 (ex. 33) 
telegraph equation, Heaviside’s, 204 (ex. 31) 
term by term dijfferentiation of infinite series, conditions for, 154 
integration of infinite series, conditions for, 175 
thermal conductivity, definition of, 63 
transform equation, 49, 79, 83 
solution, 81 

transmission line, electrical, 78 
analogue, 99 

with series condenser, 92-95 
type of function represented by <t>(p), 127 

uniform convergence, of infinite integrals, 162 
of infinite series, 151 

imiqueness of solution of integral equation, 3 
unloaded submarine telegraph cable theory, 78 

variable coefficients, solution of ordinary D.E. having, 121, 126 
velocity, phase, of sound in uniform tube, 73 
potential in fluid, 74 

of propagation in submarine cable, 83 (footnote), 84 

wave front, in loaded submarine cable, effect of variation in L and R, 
85, 86 

vertical, in loaded submarine cable, 85 
Weber’s integral, 110 

parabolic cylinder function, 114 

second exponential integral, 109, 198 (ex. 42) 

Fq((), Bessel function of second kind of zero order, graph of, 7 
definition of, 199 (ex. 46, 47) 

zeros of ^05 (ex, 37) [see ref. 11 for values] 
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